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PREFAOE

ffiIIE mathemarical treatment of the principles of mathematics, which is
I the subject of the present work, haJarise;r frorn the conjunction of two

different studies, both in the main very modern. On the one hand we have
the work of analysts and geometers. in the way of formulating and systematising
their axjoms, and {,he work of Can[or and obhers on such matLers as the theory
of aggregates. On the other hand we have symbolic logic, which, after a
necessary period of growth, has now, thanks to Peano and his followers,
acquired the technical adaptability and the logical comprehensiveness that are
essential to a mathematical instrument for dealing with what have hitherto
been the beginnings of mathematics. From the combination of these two
studies two results ernerge, namely (1) that what were lbrmerly taken, tacitly
or expiicibly, as axioms, are either unnecessary or demonstrable; (2) that the
same methods by which supposed axioms are demonstrabed will give valuable
rcsults in rogions, srroh :ls infinitc number, rvhich had formerly been regarded
rr.x itrtcrx,rsiblc l,o hrrrrur,rr knowlr:rlgr:. Hence the scope of mathematics is
r:ttlrrrgr,rl Irolh Iry tlrr,:tddition ot new subjecls and by a backward exLension
irrl,o provinccs hil,herto abandoned to philosophy.

The present, work was originally intended by us to be comprised in a
second voltrme of The Princip\es of Mu,thematics. Wit,h that object in vierv,
thc writing of it was begun in 1900. But as we advanced, it became in-
ergasingly evident tl'rat the subject is a very much larger one than we had
supposedi moreover on many fundamental questions which had been left
obscure and doubtful in the former work, we have now arrived zr,t what we
beiieve to be satisfactory solutions. It therefore became.necessary to make
our book independent, of The Principles of Mathenratics. We have, however,
avoided both controversy and general philosophy, and made our statements
dogmatic in furm. The justification fr-rr this is that the chief reason in favour
of any theory on the principles of mathematics must always be inductive,
z.e. it must, lie in the fact that the theory in question enables us to deduce
ordinary mathernatics. In mathematics, the greatest degree of self-evidence
is usnally not to bc found quite at the beginning, but at some later point;
hr:ncc thc ctrly detluctions, until they reach this point, give reasons iather
fbr believing the prcrnisses because true consequences follow from them, than
for believing the consequences because they follow from the premisses.

In constructing a deductive system such as that contained in the present
rvot'k. therc are l,rio opposite taskl which huve to be concurrently peiormed.
()n the one hand, we have to analyse existing rnathematics, with a vielv
to discovering what premisses are empioyed, whether these premisses are
rnutually consistent, and whether they are capable of reduction to more
lunda,mental premisses. On the other hand, when we have decided upon our
premisses, we have to build up again as much as may seem necessary of the
data previously anrr,iysed, aqd as many other consequences of our premisses
as are of sufficient general interest to deserve statement. The preliminary
Iabour of analysis does not appear in the final presentation, which merely
sets forth the outcome of i,he analysis in ceitain undefined ideas and



identical with a or not identicar_with o. rt folrows (as will be proved in x20.81)
that,.if "$a" and,,\ra" are both significant, the class of values of r for rvhich
"^Qu" is significant is the same as ihe crass of those for which,,r/ro,,is signi-
ficant, i.e. two types which have a common member are identicar.

^, 
fn the following proo{ the chief point to observe is the use of x10.221.

There are two variables, a and. *, to be identified. rn the first use, rve depend
upon the fact that $a arrd a:n both occur in both (4) and (5): the o""o.r"o..
of $a in both justifies the identification of the two o's, and when these have
been identified, the occ.rrence of n:n in both justifies the identification ofthe two c's. (Unless the n,s had been already identiiied, this would not belegitimate, because .t x)-a,, is typically arnbiiuous if neither r nor a is of
given type.) The second ,_,." or xr..zzi is luiined by rh" f;; ;hr, rr"f, O,and gn occur in both (2) and (6).
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x14. DESCRIPTIONS

Swmmary of xl[.
A- d,esaript'ion is a phrase of the form " the term which etc.," or, more

explicitly, " the term r which satisfies f6," where {6 is some function satisfied
by one and only one argumenb. For reasons explained in the fntroduction
(Chapter III), we do not define " the rrvhich satisfies {6," but we define any
proposition in which this phrase occurs. Thus when lve say : " The term a
which satisfies SO satisfies tlrh," we shall mean : " There is a term b such that
{a is true when, and only when, r is b, and r}"b is true." That is, rvriting
"(ta)(Qn)" for "the term a which satisfies Sr," rlr(tr)($,r) is to rnean

(g,b) z Sa . =n. a : b z,lrb.

This, however, is not yet quite adequate as a definition, for when Qn)($a)
occurs in a proposition which is part of a larger proposition, there is doubt
whether the smaller or the larger proposition is to be taken as fhe" tlr(tu)(Qn)."
'Iake, for example, tl (tc) (ga). ) . p. This may be either

(gb) t $n. =a. rx :b t 
^lrb = 

) .,p

or (gzr):.@u.=a.n:bl^lrb.).p.
If "(gb):$n.=,,n:b" is false, the first of these rnust be true, while the
second must, be false. Thus it, is very necessary to distinguish them.

The proposition which is to be treated as the "r/r(lr)(0o)" wilt be called
lhe scope of (tr)(Sr). Thus in ihe first of the trbove two propositions, the
scope of (ru)(gn) is {r(rr)({r), while in the second ii is rl" Qa)(gn).).p.
In order to avoid ambiguities as to scope, rve shall indicate the scope by
writing " l(tm)(Sa)]" at the beginning of the scope, followed by enough dots
to extend to the end of the sr:ope. Thus of the above two propositions the
first is

l(ta) (Qa)) . rlr (rn) (ga) . ) . p,
while the second is

l(t*) (Qn)l: rl (tu) (Q") .) .p.

Thus we arrive at the following deflnition:

x1401. l(ru)($n)l.rl(tn)(Qu).:: (Ob) 
= Qn.=*. u:b: *b Df

It will be found in practice that the scope usually required is the smallest
proposition enclosed in dots or brackets in which "(ta)($a)" occurs. Hence
when this scope is to be given fo Qu) (Qn), rve shall usually omit explicit
mention of the scope. Thus e.g. rve shall have

a!(tu)(Qa) . : : (gb) : Su. =c. ir:b : a{b,
-{a : (ta) (Sn)} . : . - {(sA) : ga. 

=n. n :b : a:b\.

x13€. l:: $av -fo. ) :.gnv -Sn.= ic:a.v.ula
Dem.

F . x2'1 1 . ) I . grv -gt
)ltgav -fo,).gav-ga
)l=a:a.v.c$a

F.(3).Simp. )l;.gav-{o.) :rc:cL.v.a{a
F. x13 101 . Comm. ) F :. {cr,v -fn.. ) i n:u.) . Qnv _Qn
F. (4). (5). xI0.r3,221 . )
I :l $av -$a.): tt: cr,.v . a! a:. Sav -Qa.): c: a.) . $rv _$t
l-. (2). (6). x10.18.221 . )
I :: $av -$a.) . $rv -Qn :. Sav -ga,) : r: a. v . c ! a :.

F. (7). Simp. ) $ctv -$ct .) =c:a.). $nv-Sn (7)

lrr.!:"-!".).gnv-ga:.gav-ga.):u:a.v.n{o (B)F.(8).x535. )I::Sav-Sa.):.gav-ga.=in:a.v.rfa:t
) l- . Prop
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(gb): gn . 
= b. n:g 1g:(tn) (gr),

(gb) 
=. $c. = o. n :D :. (gc) : \rn. =*. a : c 

= 
b : c.

[l.rnr r

Of these the first necessarily implies (gb):$a.=n.u:b, rvhile the second
does not. We put
x74'02. E t (tn) (#*). : : (gb) t gn . =o. u :b Df

This defines: ',The r satisfying f0 exists,,,which holds ivhen, and only
rvhen, {6 is satisfied by one vaiue of a and by no other value.

When two or more descriptions occur in the satre proposition, there is

leed 
of avoiding ambiguity as to which has the larger scope. For this purpose,

we put
x14'03. f(rr) (Qn), (ru) glra)l ..f {(r*) (ga), (tt:) (^lc)l . : :

l(ta) (gr)l: f(tn) (ln)l.f l(ta) (gn), (ra) (fr)] Df
rt will be shown (xr4't18) that the truth-varue of a proposition containing

two descriptions is unaffected by the question which has the rarger scopel
Hence we shall in general adopt the conriention that the description oc"r..iirrg
lrst typographically is to have the rarger scope, unress the conti,ry is 

"*p."ssr]indicated. Thus a.g.

(tn) (gn): (tt) (tlru)
will mean

i.e.

By this convention we are abre armost always to avoid explicit indication of
the order of elimination of two or mo.e descriptions. rf, hi*"rer, we require
a larger scope for the later description, ,r" prf
xt4'04. l(t c) (gc)) . f {(t a) (gc) , (t n) (gr)l . : .

f(t r) (gu), (t r) (gn)l . f {e a) (g c), (t n) (gn)} Df
Whenever.we have El(ta)(Sa),(ra)({o) behaves, formally, like an orclinary

argu^ment to any function in which it may occur. This fact is ernbodied irr
the follorving proposir,ion :

x14'18. t:.EtQc)(gu). ) : (c) .**.) .lr(tn)(gc)
That is to say, when Qo)($n) exists, it has any propertywhich belongs to

everything. This does not hold when (rr) (fc) does not exist; for example,
the present King of France does not have'the property of being either bard
or not bald.

. rf (tn)($r) has any property rvhatever, it must exist. This ract is stated
in the proposition:

xL4'21. I 
= 

rlr (tu) (gn). ). E ! ec) (gc)
This proposition is obvious,-since,,E!(ru)({a;),,is, by the definitions, part

of " tl(tn)($n)." When, in ordinary language'or in phiiosophv, .o_"thirrg i.
said to " exist," it is alv-ays .o,o"ihirg d.iicri,bed,, i.e. it is not someth?ng
immediately presented, Iike a taste or a patch of corour, but something lik'e
"matter" or "rnind" or ,,Hornet" (meaning ,,the author of the HJmeric

sncrrom n] DESCRIPTIONS

poems "), which is known by description *s " the so-and-so," and is thus of
tlre form (tn) (Sa). Thus in all such cases, the existence of the (grammatical)
subject (tn)(Sr) can be analytically inferred from any true proposition having
bhis grammatical subject. It would seem that the word "existence" cannot
be significantly applied to subjects immediately given; i.a. not, only does our
definition give no meaning to " E ! a," but there is no reason, in philosophy, to
suppose that a meaning of existence could be found rvhich would be applicable
to immediately given subjects.

Besides the above, the following are a,mong the more useful propositions
of the present number.

x14 202. I ;. $n . = a . c : b : : 
= 

(t tt) (Sn) : b t = : gn . 
= n . b : n i = : b : (t u) ($a)

From the first equivalence in the above, it follows that
x14204. F : E ! (tr)(fr). = . (gb) . (tn) (gn) :b

Le. (ta)(gu) exists when there is something which (ro) (fa) is.

We have

x14'205. I 
= 

r!, (t t:) (gr). = . (SD) . b : (t a) (gn) .,lrb
I.e. (tn) (@rr) has the property rf" when there is something which is (tu) (Qa)

and which has the property r/r.

We have to prove that such symbols as"(tn)($u)" obey the sarne rules
with regard to identity as synibols irhich directly represent objects. To this,
however, there is one partial exception, for instead of having

(tr)(Qu): (ta)($n),
we onlv have

x14'28. t : E t (tn) ($c). = . (tn) ($a) : (tn) (Sn)

I.e. " (rn\(gn) " only satisfies tlie reflexive property of identity if (tn)(gn)
exists.

The symmetrical property of identity holds for such symbols as (tu)(Sa),
withorib the need of assuming existence, i.a. we have

x14'13. | 1 &:(tu) (ga). =. (tn) (gr\- o

x14 131. I : (tr) (Sc) - \tn) (ln) . : . (tr) (,lu): (tn) (gu)
Similarly the trnnsitive property of identity holds without the need of

assuming existence. This is proved ln xl4l4'L42'744.

i(14 01. l\t x) ($n)). rlr (tr) (gn). - : (Sb) I Qr . -,. n : b : ^l,b Df
xt4'02. Et(tn)(dr).: z(gb)=ga.=,.u:b Df
x14'03. l(ta) ($,t;), (tn) (rlrn)) . f l(tr) (gc), (ra) (r/r.c)] . : :

l(.1 n ) (+ n)l t l(t a) (,1 n)l . "f l0 *) ( {a), (tr) (./"c)} Df
x14 04. l(rn) (lu)). f lQn) (Qn), (tr) ($n)\ .: .

[(tr) (.1"r), (t c) ($a)). f {Q n) ($ n1, (to) (^f"r)} Df

t75
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x14'1. t :.1(tu) (gn)). !, (ta) (gu). : : (Sb) i Qn. =*. a :b ; *b
[x4'2 . (xl4'01)]

In virtue of our conventions as to the scope intended when no scope is
explicitly indicated, the above proposition is the same as the following:
x14'101. I z.g(ta)(gn). =:(gb) tQn.:,.a:bzrlrb [x14.1]
x14'11. I z.Et(tt)(Sn).= :(gb) =gn.=*.r:b [xa.2.(xla.02)]
x14'111. l- :. [(ra) (.tln)) . f l(tu) (gu), (tn) (^!rc)] . : 1

Dem,
(gD, c) : 4* . =, . a :b : \rc . =a . n -- c t f (b, c)

sncrror.r r] DESCRIPTIONS

Dem.
I .xL0'22. ) l- i. Qu. =n. a:b == . +a.)n. u:b: n:b,)n. $n t

[xr3'191] :t+n.)*.a-b;gb
F.x4'71. )l=.9a,),n:b=):fn.- .Su.n:b:.
[x10'11'27] ) I :, gn .),, a:b:) t go . =o. Qo . n:b;
[x10'281] ):(gr).6*.=.(S*).Q*.n:b.
[x13'195] = .+b
l- . (2) . x5'32 . ) I 

=. 
gn . ),. n :b : (gr) . gu t = : Sn . ),. u : b 

= 6b
F. (1). (3). ) F. Prop

The two following propositions (x14'123'124) are placed here because of
the analogy with x14'122, but they are not used until we corne to the theory
of couples (x55 and x56).

xl4't23. I 
=. $ (2, w). =",*. 2 : s . 1a : j1 z

= | + (r, w) .)",*.2: n . w:y t S@, y):
: 

= 6 k, u). ),,*. z : c. u : A : (gz, w). 0 @, *)

) I l, $ (2, w) . =",,0. z: n . u:'u i
: z * (r, w), )",*. z : c . u : y i z : n . w : y . )",*. $ (2, u) :

[x13'21] :10@,u).)",..2-n.w:ytg(n,y)
F. x4 71 . ) l:. S@, w).) . z:*.11):y:

) : $(2, w). = . g (2, ut). z : a. w :A,.
[xr1'11'32] ) l- :. @ (2, w).),,*. z:n.u:y i

(1)

[xl1'341]
[x13'22]

) t g (2, u). =,,*. Q @, *). z : n. w :g.
) : (9.2, w) . Q @, w) . : . (9.2, w) . $ (r, w) . z : n . lt : y .

=.Q@, y) (2)
F . (2) . x5'32 . ) l- :. g (2, w) . ) 

",*. 
z : n .,t0 : y : (gz, w) . g (2, u) 

=

l-.(1).(B). )F.prop 
=t+(z'w)')"'*'z--n'w:ytO@'y) (3)

xt4124. F :. (gr, y) : Q Q, u). =",*. z : n.,ur :,u.

^ = =(g.y). f (*,y)= Q@,w). S(u,,a).),,*,u,o. z:u.w:a
I)enr.

F , xl4'123 . x3'27 .>
F :. (gr, y) 

= Q @, w) . =",*. z : & . 111 : y : ) . (gr, y) . f (*, y) (1)
l-. x11'1 . x3'47, ) I 

=. SQ, u). =",*. z : n. w : y i,

) 
= Q@, *). Q(u,u).). z: n.w : U.u: n. u :y.

(2)

(3)

I . x4'2. (x14'04'03) . )
I : : l(r n) (^lr a)l . "f {(t,) (Qc), (t n) (!r r)} . : z.

l(tn) (rlra)l t f(ra) (Qa)) . f {(tr) (ga), (tc) (ga)} :.
[x14'1] = t. l(tn) (ga)l:. (gb) : Q, . =*. n : b z f {b, (tn) (gu)\ 

=.
fx14'11 : :. (gc) :. **.=n. n: c..(gb) : {r .=,. u:b : f(b, c) z.

[x11'55] : :. (tr6, c) 
= $n . = q t.n : c 

= "lu . = *. n : b : 
"f 

(b,c) : : ) F . prop

x14'Lt2. t:.f lQu)(gn), (tn) (rfa)] . = :

fProof as in x14'111] 
(gb' c) : 6* '=" n:b t gn ' =a ' $: c: f (b' c)

In the above proposition, we assume the convention explained on p, 174,
after the statement of x14'03.

x14'113. t : l(t a) (\rn)) . f {(t r) (gn), (t a) (gn)} . - ..f lA r) @r)t, h n) (* r)J
[x14'111'112]

This proposition shows that 'when two descriptions occur in the same pro-
position, the truth-value of the proposition is unaffected by the questio.r *hi"h
has the larger scope.

xL4'12. F :, E ! (re) (6*).> : *n. 0y .),.o. u : 11

)F:.IIp.):(gb) tga.:,.c:b (t)
F . x4'38. x10'l . xl1'11'3. )
I :. Qn. =,. n:b : ) t $r. Qy. =,,0. n :b. y :b.
fxl3'172] )n,v.0: g
l-. (2).x10'11'23. ) F :.(gb) : gn.=*.u:b :) : gu. Qy. ),,v. n:y (S)
F.(1).(3). )l-.Prop
d<L4'tzl. I'.. Q*. =q. t) -b : $r. :n. n : c : ) . b : c

Dem.
F.x10'1. ) F :. IIp .) 

= 
gb.=.b:b t gb.:.b:ct

Dem.

F . xl1'31

Dem.
F . x14'11

(2)

[xl3'15]
lAssl

)=$b=Sb.:.b:c:
):b:c:. ) F. Prop

[xI3'172]
F.(2).xl1'11'35.)
F :. (ga, y) 

= Q Q, u). =-,,,u. z : n. w : y,

).2:u.w:o (2)

xL4'L22. I z. Sa .=o. {x:b =:: $a.)n, a:b: $b z

:t+n.)*.a:b:(ga).ga ) t g(z,u). +(u,a).) . z:u.w=a (3)
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F . (3). xl1'11'3 . )
F :. (gu, y): $(z,w) . =",*. z: o .w: y .

[raxr r

) : $ (2, w). Q (u,a).)",*,u,,. z : u. w : u (4)
F . x11'1 . ) I :. g (x, y) z 6 Q, w) . Q @, a) . ),,.,,,o . z : u . u : o i

) t S @, y) : $ (r, w). # (c, y). )",*. a : a . w :U I
) : S @, y) t Q @, ut).)",,. z : a. w : y I

):$(z,w),=,,*.2:r.lD:A (5)
F . (5). x11'11'34.45 .)
F :. (gc, y) . $ (n, y); $ (z,w) .4 @,a) .),,*,u.o. z: u. w:a i

)r(gr, y)=Q@,w).=",*.z:a.Qt):y (6)

. (tn) ($u): a

srcrroN r] DEScRrPTroNs Ug

x14'14. I : ct:b. 6: (ta) (Q*).) . a : (tr) (gn) lx13'r3l
x14'142. | 1 o : (tu) (ga) . (t n) ($a) -- (t n) (^!ru). ) . o : (r n) (!t u)

Dem.
F. x14'1 . ) F :: Hp. ) :. (gD) 

= Sn. =n. n : b t a: b 
=.

(gc) t $u . =r -n -- c 1c: (ta) (t!rn) t.
):. Qn.-,. a: a :. (gc) | #r.=*. s:216:(ta)(r!rn):,
) :. (gc) t. $u . =n. x) : d, | +n . =a. 

(x : c 1 s : (tr) (\ha) :,
) :. (gc) 

=. Sa . =,. c : d, i a: c. c : (tu) (r@) :,

[x3'27.x13'195] ) t.a:(tc)(,!,a):: ) F.Prop

xl4'744. I : (tn) ($a): (tr) (lrr) . (ta) (!ra): (tc) (.yr) . > . (tn) ($x) : (rn) (ya)
Dem.

F.x1,{'111 .)F::Hp.

[xI3'195]

[x11'54]
*, . =r. x) -- c i X0 . =a. 0 : c a.

[x14'121.x11'42] ):.(go,c) tQn.=,.$:ai Xn.=n.n:cia:ct.
[x141111 ):. (zc) (Sn):(tr)(yu)::) F. Prop

xl4'146. | 1 d, : (1 a) ($r) . a : \t u) (9r) . ) . (t r) ($t) : (t n) (tlra)

Dent,
F.xl41. )| 3.u:(tx))($n).= :(gtr).Qn.=n.c:b:a:b=
[x13'195]. =z$n.=,.u:a (1)

F . (1) . x14 I . ) F :: Hp . - t. +n . =n. x) :o :. (gD) . *u. =n - t : lt : a:b :.

[x10'85] =:.(gl,):.$t.=,.a:di9r.=,.a:b:a:bt.
[x14'111] ):.(tn)($a):(t*)(rl,n):: ) l- . Plop

x14'15. I t. (ta) (Qr) : b. ) : r/r [(rr) (6r)] . = .'l/rD

Dem.
F.x14'1 .)
F:: I{p. ):. (gc) ; $r,=n.a: ct c:b t,

[x13'195] ) t. $t:. =s. n : b

F.(1).x14'1.)
F :: Hp . ) z. "!, l(tc) ($r)| . = : (gc) ; a : b . =n. c = c :' nlrc t'

fx13 1921 ==.lrb:z)F.Prop
x14'16. l- :. (rc) ($x) : (tc) (fr) . ) : y [(tc) (f,)] . = . y{(tn) (lu)}

Dent,

t- . x l d 1 . ) I- :. H.p . ) : (gD) z Qn . =,, u : b : b : (tr) (^!,a)

l-. xl{ l. ) F:: fe .=,,a:b:):-
yl(tx)($a)j. : : (gc) : n :b . =r. c = a i Xc.. -txb

lx5'331
[x14'123]

F.(1). (4). (6). ) F. Prop

x14.19. I : a: Qa) (gr) . :

[x4'3.xl3'16.xl1'1 r'341]

[xl1'2.xI4'111]

= : (gb) 
= $a. =n. t :b 

= 
b : a :

: z (ta)($c):a (2)

[x13'195]
[x] 0'351

[xl4'] 211

Dem.
I-.x14'1. )5..o:(tc)(Q4.=t(gb\:gn.=q.{D:b:a:b (1)
F, x13'16 . x4'36, ) F :. Sr . =q. {x : b : a : b : = z $x . =a. n : b z b : q, 1

fx10'i1'2811 ) F :, (gb) | Qa . =,. u:b z a:b z

[*14'1]
F.(1).(2). )F.Prop

This proposition is not att immzdiate consequence of xl3'16, because
"a:(rn)(gc)" is not a value of the funcriol.c:y." Similar remarks
apply to the following ploposil,ions.

x14'131. I : (ta) (Qa) : (tn) (rlru) . : . (tn) (t!rn) : (rn) (Sa)
Dem.

F . xl4'l . ) F :: (t x) (gn) : (t u) ({u). = :. (Sb), {c . :,. n : b : b : (t a) (^!rc) :.
[x14'1] : :. (gb) =.Qa.=n.a:bt.(gc):.1,u; =a. 't:c:b: c:.
[xl 1'6] : :. (gc) .. 9a . :*. n : c 

=. 
(gb) z ga . :-a. a : b : b : c :.

[x14'1] : :. (gc) t.9* . =,. {c: c: (t*.) (gr): c:.
[x14'13] = :. (gc) :. rlrn . =,. a : s 7 s : (t*) ($c) z.

[r(14'1] ==. (tn)(rlta):(tu)({n):: ) F, Prop

In the above proposition, in accordance with our convention, the descriptive
expression (ta)($a) is eliminated before (rr)("1,r), because it occurs first in
" (tn) (gc) : (ta) (ga)" ; but in " (rc) (^lru) : (rx) (gu)," (ta) (t!,a) is to be first
eliminabed. The order of elimination makes no difference to the truth-value,
as was proved in x14'113.

The above proposition rnay also be proved as follows:
F . ;114'11I . ) I :. (tc) (Qa) = (tn) $rn).

= : (gD, c)= $u .=*.n:b;"\c.=n. c:c=b:c:
= : (gD, c) :,lra. =,. n : c. ** . =,. c :b 

= 
c :b :

=:(ta)(^lru):(tn)(Qa):. ) F. Prop

) :. (go,b) : Qu -=,. & : a. **.=*. a :b ; a:b 
=.

(gc, d,) =rlru. =o. fr : c. Xn . =a. n : d, 
= 

c : d 
=.

) r. (go) : $n. =,. n : d : *r. =,. $ : a t.
(gc) 

= 
rlra . =u. fr : c z Xn . =a. k : c :.

) :. (ga, c) 
= $n. =n. lt 

: ct . *a. =b. a : a i

(l)

(1)

Ixt:] l{)21 (2)
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F . xr4'13'15 . ) F :, b : (ta) (gu) . ) : yb . = . y {(tc) (ga)}
F.(2).(3). ) l- :. ga.=,.a:b :g:(ta)(la)=

F.(1).(4).x10'1'23. ) F.prop 
) :vlQn)(Qn)j'=' xt'Qn)(\'n)\

x!4'17. t :. (ta)($u):b .: , *t (tr) (gc). =e . g ! 6

Dent.

sEcTroN B] DESCRIPTTONS

tkt4'2. l.(tu)(a:a):q,
Dem.

F . x14'101 . ) I 
=. 

(tn) (x : a) = a . : : (gb) i il : a. =*. a : b : b : a :

[X13'195] =i0:a,.-a.c:a (l)
F.(1).Id. )F.Prop

*14'201. I : E | (tu) ($n) . > . (S*). +,
Dem,

l-.x14'11. ) F :. Hp. ) : (gD) l ga.=,. u:b 
=

F.x14'15.x10'11'21 .)
I :.(tn)(gc)-- D. ): rf. t(rr)(ga). *=*. {, ! b (1)
F . x10'1 . x4'22 . ) I :t y! u . =n . u : b : { t (ta) (ea). =p . lr ! b 

=

l*13'151
F . (2) . Exp. x10'11'23 . )

)tQa)(ga):b.=.b:b,
) t(ta)($a):b (2)

F :: (gfl : y! u.:,. a:b; ) :. rlr ! (tc)(ga).=q.g tb:) . (rn)(gn)=b
F.xt2'L ) F : (1X) =X'!c.=n. r:b
F . (3) . (4). ) F :. r/r t(tn)(go).=v.r/r tb:) .(t*)(Sa):b
F . (1). (5). ) l- . Prop

It should be observed that we do not have
(tn) (ga) :b. = : r/r ! Qu) (ga). )e. g ! 6

for, if -E l(tu)(g*), gl(tu)(gr) is always false, and rherefore
rl | (tr) (Qc) . >i, . ,y t b

holds for all values of b. But we do have

xL4'17L. I z.(rr)(Qr):b . = : gtb .)v . {'! (tc) (Qa)
Dem.

F.x14'17. ) I =.(tn)(ga):b.):!,!0.)+. gt(t*)(gu)

[renr r

(3)

(4)

t8l

F . x10'1 . xl2'L . ) F :. rf, t b . ),p . g t (t n) (gn) : ) i b : b . ) . (t o) (6r) : b 
=

[xl3'15'l ) : (tx) (ga) : b (2)
F.(1).(2). )F.Prop
x14'18. I 

=. 
E t (tu) (Sa) . ) : (.2) . ** . ) . \r (tr) (gc)

Dem.
F.x10'1 . ) F: (*).**.).\"b:
[Fact] ) I :. Sc. =r. n:b:(c).lra =) = Sa.:,. t:b:,lb t

[x10'11'28] ) l- :. (gb) . Qn .:,. a : b : (*) . ** : ) : (gD) : gc.=*. u : b t,hb :.
[x10'35] ) F :: (gb) | Qn,=n. c : b z.(t) . lrr :.) : (g.b) z ga .= *, n :b t "!b =.
[x14'l'1 1] ) F :. E't (tr) (gc) t (n) . ^lo : ) z g (tn) (gu) :. ) F . Prop

The above proposition shows that, provided (tr)($*) exists, it has (speaking
formally) ail the logical properties of symbols which directly represent objects.
I{ence when (r)(Qo) exists, the fact that, it is an incomplete symbol.becomes
irrelevant to the truth-values of logical propositions in which it occurs.

xL4'202. I t $a . = * . a : b 
= = = 

(r n) ($n) : b : -- t $n . 
= n . b : n 1 = 1 $ : Q u) ($c)

Dem,
F. x14'1 .)l:.(tn)($a): D. =; (gc): $a.=i.n:c: c:b:
[xl3'195] : | +a. =n. {x:D :. ) F. Prop

[The second half is proved in the same way as the first half,]

x14'203. I t E | (tc) ($n) . :' (gr) . Sa : $n . $y . ),,, . c : y
Dem.

l.xl4'12'201. ) F :.E!(ta)({c).):(ga).Qnt$n.$y.)",o.u:y (1)
F.x10'1. )F:.fb:Qe.6y.),,o.n:yz)z$b:$u.$b.),.a:bz
[x5'33] ) 

= $b; $c .)n. n =b 
=

[x13'191] ) : u:b .),. $u 
=

$c.)".a:bt
Lxr0'221 ):Sa.-n.lx:b (2)
F . (2) . x10'1'28 . ) F :. (gb) : Sb : Qa . Qy . )n,, . r : y =): (gD) : {r . =n. a : b t.

) F :. (gb). fb t Q* . Qy .)n,o. a: y=):(gb) t ga . =,. a: b:,

):Et(tn)($u) (3)

t-.(1).(B). )F.Prop
xt4'204. F :. E ! (ru) (Sr). :' (Sb) . (ta) ($r) =b

Dem.
F .xl4'202. *10'11 . )
I- :. (D) r. #r, =n. c : b : = : (ta) (ga) : b :. )
[x10'281]F :.(gb) :+n.--r.n:b:: :(gb) .(tu)($u):b (1)
F. (1).x14'11. ) l-. Prop

xl4'206. I : tlr (t c) ($a). = . (gb) . b : (t a) ($u) . lrb lxt4'202'Ll
xL4'2L. l:^f(tu)($c). ). trl ! (ra)($u)

Dem.
F.x14'1 .)
l- :. rf" {(ra) (fr)J . ) : (gb): gn ,:n. a:b z !fi :

(3)
(4)

(5)

[xl0'1]
[xl3'15]

[xl0'5]
[i(14'11]

): (sb) : Sb.:.b:b z

):(gb).{b:.)F.Prop

):(gb) zQa.:n.a:b:
) : E I (tc)(fa) :. ) F. Prop

(1)
lxl0'351
[xl4'11]
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This proposition shows that if any true statement can be made about
(tr)(Qr),then(ru)($a) must exist. Its use throughout the remainder of the
work will be very frequent.

When (rc) ({r) does not exist, there are still true propositions in which
"(tc)($a)" occurs, but it has, in such propositiors, a second,ary occurrence,
in the sense explained in Chapter III of the Introduction, i.e. the asserted
proposition concerned is not, of the form $(tn)($u), but of the form

f)^!r(ta)($u)\, in other words, the proposition which is the scope of (ta)(Sa)
is only part of the whole asserted proposition.

xL4'22. l-: E ! 1ra)(fc).= .0 Qn)(gn)
Dem.
I .xl4'122. ) F :. Q* . =,. u:b =) . #b (1)
F . (1) . *4'71 . ) I 

=. 
gr . =e. o : b t = = 

gr . =a. s : b : $b t.

[x10'11'281] ) F :.(gb) | Qn.=*.c:b;= :(gb) t gu.=n.n:b : 6b :.

[x14'11'10r] ) F : E ! (ta) (Sa) . = . S Qa) ($n) : ) F . Prop

As an instance of the above proposition,we may take the following: "The
proposition'the author of Waverley existed'is equivalent to'the man who
wrote W'averley wrote 'Waverley."' Thus such a proposition as " the man
who wrote Waverley wrote Waverley " does not embody a logically necessary
truth, since it would be false if Waverley had not bcen rvritten, or had been
written by two men in coilaboration. For example, " the man who squared
the circle squared the circle" is a false proposition.

xt4'23. I :Et (tu) ($c. *r). = . $ {(tu) (gu. !r*)l
Dem,.

t 'x7422 ' ) F :' E 

"'2ll(,;{r?.'.**)1, s r,er)(ga.*,)}..t\er)(gn.,rc)}
[xl0'5.x3 26] )t${(ta)($a.r!ra)} (1)

(2)F. x14'21 . ) F: { l(tc)($c. tr)} .) .Et(tu)(Sn.$n)
F.(1).(2).)F.Prop

Note that in the second line of the above proof x10'5, not only x3'26, is
required. For the scope of the descriptive symbol (tr)($n. "frc) is the rvhole
product g {(tn)(Qa. ^1,*)1.rlr {(tn)($n.rfc)}, so that, applying x14'1, the
proposition on the right in the first line becomes

(gb\ z $r. ** . =,. c : b : +b .,bb
which, by xl0'5 and x3 26, implies

(gb) : fc . rlu. =,. c : b t $b,
i.e. g [(tc)(gn.tlrt)\.
xt4'24. F t. E t (t r) (0*) . = : f(ta) (gr)) : Qy . =s . y = (ta) (gu)

Dem.

F . x14'1 . ) F :. [(ra) (Sa)) | +y . :o, y : (ta) ($n) :

= : (gb) ; QY.=s. 9 :b 
= fy .=u. y :b,

This proposition should be compared with x14'241, where, in virtuo of t,ho

smaller scope of (tu)(Su), we get an implication instead of an equivalenco.

xl4-241. F :. E I (ra) (fr).) 
= Qy . =0. y : (ta) ($n)

Dem.
F . x14 203 . ) F :: Hp ,) ,. $y . 6, . ) . ! : a 

=.

sEcrroN B]

[x4'24.xl0'281]
[+(14'11]

[x4'?1]
[x13 191]

[xI0'22]
[x14'202]

DESCBIPTIONS ITI

::(Sb)tQg.=y.!:bt
:: E t(tn)(6a):. ) F. ProP

) t. Qy. = ; Sy = $rc. )o. y : 7 2

= i Y : u')n' $n : $u'),' Y : s 2

=:$a.=,.y:fr.
=:y:(tr)(ga):: ) F. Prop

=t*bt
=. rl (tn)($a) (r)

) :" (go) . Qr. **. =. (gr) . a : b. *n.
=.^1,b.
=.rll(tn)($u)] (2)

lE*pl ):.0y.)t$a.).y:rl
[x10'11'21] ) F :: Ifp .) r, Qg.) = Sc.)n. y :a t.

xL4'%12. l;.9u,=n.n:b: ): 
"f,b 

.: .lt(tr)(Sn) [x14'202'15]

xL4'25. F :. E ! (rr) (Sr) . ) z Sa ) " ^fn . = . rl (t n) (Sc)
Dem.

F . x4'84 . x7}27'27 I . ) I 
=: $a . =,. lr : b : ) : - $a )" *n . : z a : b - ) n.,ltn :

fxl3'r91]
lxr{'2421
F.(1).x10'11'23. ) l- :,(gb) : gr.=n. r:b 

=) z $u)nrln.=.rlr(ta)($a) (2)
F.(2).x14'11. )F.Prop
xL4'26. t :.Er (ta) ($n). ) : (gc) . Q*.,hr. = . tl l(ta) (Qr)] . = . $n),rlru

'Dem.

F. x14'11 . )
F:. Hp. ): (gb) z$a.=,.n:b (1)

F . x10'311 . ) I 
=: Sa, =- n. c : b t ) z. $n . ** . =n. a : b . ^ha =.

Ixl0'281]
[xl3'1e5]
lxl4'242)
F. (2). x10'11'23 . )
F:.(gb) zSa.=n.n:b: ): (gr) .Q*.**.=.rlr[(ta)(Qn)] (3)

l- . (1) . (3) .*L4'25. ) l- . Prop

xl4'27. I :. E | (r a) ($u) . ) 
= $u = " 

tlr . : . (t a) ($n) : (t a) (lrr)
Dem.

F.x4'86'21. )F :zgr.: .a=b:):.$a.:.tlnt=:rla.=.s:b (l)
F . (1) . x10 11'27 . ) I :: Sr .=,. o : b : ) :. (a) :. Q" .-* . ^k* := :,lt'a .=. s : b :.

[xI0'27 t ]
[xl4'202]

)'.. **. =,. *n : : t *r. =r. a : b 
=

lxl4'242)
F . (2). x10'11'23. x14'11 . ) F. Prop

= 1 S: (tu) (tlu) t
: : (tc) ($c) : (tn) (,1,a) (2)
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xl4'271. I z. $a . =,. *t : ) : E ! (t a) (Sc). = . E ! (t a) (lra)
Dem.

F.ae4'86. ) F :: $n=tln.) t. Qc.=.n:bz: :$a.=.n:bi.
[x10'I.1.'27])l-::IIp. ) =.(n):.$c.=.n:b:=:lra.=.a--b:.
[x10'271] ) :. (r) : +*. = . n :b : = : (c) t ^lrn. =. n :b.i
[x10'11'21])F::IIp. ) :.\b)=. ga.=e.x]:b:=-z*u.=n,a:b:.
[xl0'281] ):. (gb) =gu.=n.u:b =:: (Ub) zgu.=,.o:b*

)F.Prop
xL4' 27 2. I :. Qc . = n . tn : ) : y (t a) (gn) . : . y (r n) (rlra)

Dem.
t-, x4'86. ) F =:$a=tlra.) =.$u.: .a:bz= t\ra.=. c:bz.
[x10'11414])F::IIp. ) :.Qu.=n.n:b:=:gn.=n.a:b;.
[Fact] ) :. $a .=b..x:b'. yb l:'. *o .=o, u:b z Xb:.
[x10'11'21] )F::Hp. ) t.(b):.9n.=n.u:btybz=19x:.=n.u:bzyb:.
Ix10'28i]

[x14'101]

) :. (gD) 
= 
gn. =n. c : h t Xb t =

: (gD) I rl"o' =a' 0 :b t Yb ='
) :.y(rn)(ga) .= . y(tr) (rfo) :: ) F . Prop

The above two propositions show that El(tn)($u) and. y(ta)(Qa) are
"extensional" propeities of $b, i.e. their truth-value is unchanged by the
substitution, for S6, of any formally equivalent function rf,6.

xt4'28. I t E! (tn) ($n) . = . (ta) ($a) : (ta) (Sx)
Dem.

F.x13'15,x4'73.)lt.$a.=a.a:b:::ga.:,.u:btb:b (1)
F.(1).x10'11'281. )

l- :. (gb) : $c.=,.c:b===(gb)=gc.=n.c:btb:b (2)
l-. (2). x14'1'11 . ) F . Prop

This proposition states ihat (lr,) ({a) is identical with itself whenever it
exists, but not otherwise. Thus for example the proposition " the present
King of France is the present King of France " is faise.

The purpose of the following propositions is to show that, rvhen El(tu) (Sa),
the scope of (tn)($u) does not matter to the truth-value of any proposition
in which (ta)($a) occurs. This proposition cannot be proved generalty, but
it can be proved in each particular case. The following propositions show
tlre method, which proceeds always by rneans of xl4'242, x10.23 and x14.11.
The proposition can be proved generally when (tc)(Qc) occurs in the form
y(tn)($n), ard. y(ta)($a) occurs in what we may call a " truth-function," i.e.
a function whose truth or falsehood depends only upon the truth or falsehood
of its argument, or arguments. This covers all the cases with which we are
eyer concerned. That is to say, if y(ra)($c) occurs in any of the ways which
can be generated by the processes of x1-x11, then, provided tr.t(ru)($a),
the truth-value of f {l(rn)(Qa)).y(tu)({a)J is the same as that of

f(t n) ($a)) . I {x Q *) @*)|

sBcrroN B]

This is proved in the following proposition. fn this proposition, howovnr, l,lrrr

use of propositions as apparent variables involves an apparatus not lcrlrit'orl
elsewhere, and we have therefore not used this proposition in subsequont,

proofs.

x14'3. l,.p: q.)n,r.f(p)=.f(q): E ! (ta)($a)t) t

f ',1(ra)(Qu)l.y(tn)($c)1. = . [(ta)({a)] .f {yQn)($u)l
Dem.

I .xl4'242.)
I z.gn.=q.t):b:):f(ta)(ga)1.X0*)@").=.Xb (1)

F . (1) . ) I 
=. 
p: q.)n,r."f (p)=.f (q): ** .=n. n--b 

= 
) t

t . xr4.24z . ) 
f [(ta) ($x)) . v(tc) (Sa)\ .= ."f Qb) (2)

t 
=. 

gu . =,. * : b t ) z f(to) (gu)). f fy(tn) ($a)\ . = ..f Qb) (3)
r-. (2). (3). )
I :.p= q.)r,r. f (p)=.f @), Q* . =*. a:b t) t

f ll! *) ($c)l . y (t a) (d,)] . = . l(t n) (Sa)l . f \y (t a) ($u)\ @)
l-. (4).x10'23. x14'11 . ) F. Prop

The following propositions are imrnediate applications of the above. They
are, however, independenbly proved, because x14'3 introduces propositions

1p, q narnely) as apparent variables, which we have not done elsewhere, and
cannot do legitimately without the explicit introduction of the hierarchy of
propositions with a reducibility-axiom such as *I2'1.

x14'31. F :: E ! (rc) (fo) .) :.|(ta)(Su)1. pv y(ra) ($a) .

= : p . v . f(rc) ($a)1. y(tu) ($u)
Dem.

F . x14'242 . ) I t. Sn . =, . a : b : ) : [(rr) (fz)] . pv y(r r) ($x).- . p v yb (l)
I . x14'242. ) l- ;. fr . =q. .x : b : ) t l(tu) (gn)) . y (t n) (Qn) . = . yb t

[x4'37] ) z p v f(tc) (ga)l y (tn) ($n) . = . p v yb (2)
F . (1) . (2) . ) F t. $a . =*. r : b l ) 

= f(tc) ($n)1. p v y (tu) ($u) .

= . p v f(tr) (ga))y(tn) (Sr) (3)
F . (3). x10 23 . x14'11 . ) l- . Prop

The following propositions are proved in precisely the same rvay as *14'31 ;
hence we shall merely givc relerences to the propositions used in the proofs.

xL4'32. l- :. E ! (t.r) (fr) . : : f(t c) (Sc)). - y (t n) ($n) .

: . - {[(rr) (gc)). y(tc) (ga)]
lxr4'242. x4'11 . x10'23 . x14'111

The equivalence asserted here fails when - E I (ta) (Sr). Thus, for example,
let gt1 be " y is IGng of France." Then (ro) ($c): the King of France. Let
xg be "y is bald." Then [(ro)(r]r)1 .-y(ru)(gu).:.the King of France
exists and is not bald; but -l[(to)(fn)). y(ta)($n)] . :. it is false that the
King of France exists and is bald. Of these the first is false, the second true.

ilto
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Either might be meant by " the King of France is not bald," which is am-
biguous; but it would be more natural to take the first (false) interpretation
as the meaning of the words. If the King of France existed, the two would be
equivalent ; thus as applied to the King of England, both are true or both false.

x14'33. t :t E t (t r) (ga) . ) :. [(rc) (fo)]. p ) x Qn) (gu) .

1x14.242. x4.85 . x10.23 . x14.111 
: I p " ) ' l(tc) ($u)l ' v(tn) ($n)

*14'331. t := E t (t u) (gu) . ) :. [(tc) (S *)] . y (t a) (ga) ) p .

[x4.84. *14.242. x10.23. x14.11] 
: :f(ta) (sa)l' v(ta)($n)')'p

*14'332. I z: E t Q c) (Qr) . ) :. [(ro) (po)) . p = y (t r) (Q*) . =

[x4.86. xr4.242.*10.23.x14.11] 
: p'='l(ta)($u))'v(ta)($u)

xt4'34. I t. p 
= l(t u) (ga)) . y (t u) (Qn) t = = l(t u) (Se)f I p . y (t a) (gu)

This proposition does not, require the hypothesis Et(rr)($n).
Dem.

F.x14'1 .)
I :. p 

= l(ta) (gr)1. y (t a) (gr), :, p : (gb) : fo . =, . a : b : yb :

[xl0'35]
[xI4'1]

= : (96) z p : $c. :,. c :b : yb :

= zl(tu)(Sr)): p . y(tn) (ga) =.) F . Prop

Propositions of the above type might be continued indefinitely, but as they
are proved on a uniform plan, it is unnecessary to go beyond the fundamental
cases of p v q, -p, p) q and p . q,

It should be observed that the proposition in which (r$ (gn) has the
larger scope always implies the corresponding one in which it has the smaller
scope, but the converse implication only holds if either (o) we have E I (tn) ($a)
or (b) the proposition in which (ta) ($n) has the smaller scope implies
ElQn)($n), The second case occurs in x14'34, and is the reason why we
get an equivalence without the hypothesis E!(m)({c). The proposition in
which (tc)({c) has the larger scope always implies E!(ra)(fr), in virtue of
xl4.21.

SECTION C

CLASSES AND RELATIONS

X2O. GENERAL THEORY OF CLASSES

Summary of x2O.

The following theory of classes, although it provides a notation to represent
thern, avoids the assumption that there are such things as classes. This it does

by merely defining propositions in whose expression the symbols representing
classes occur, just as, in *14,'re defined propositions containing descriptions.

The characteristics of a class are that it consists of all the terms satisfying
sorne propositional function, so that every propositional function determines a

class, and two functions which are formally equivalent (i.a. such t,hat whenever
either is true, the other is true also) determine the same class, while conversely
two functions which determine the same class are formally equivalent. 'When

two functions are formally equivalent, we shall say that, they have the same

entensiort. The incornpiete symbols rvhich take the place of classes serve the
purpose oftechnically providing sornething identical in the case oftwo functions
having the same extension; without, something to represent, classes,'we carrnot,
for cxample, count the combinations that can be formed out of a given set of
objects.

Propositions in which a function { occurs may depend, for their truth-
value, upon the particular function f, or they may depend only upon the
etten.sion of S. In the former case, we will call the proposition concerned an
'intens'ional function of {; in the latter case, an eatensional function of {.
'l'lrrrs, for exampie, (*) . Q, or (gr) . {r is an extensional function of {,
lrccause, if { is formally equivalent to tl, i,.e. if $n.=n.$o, we have
(r).9u.=.(e)."f.c and (g).Q*.=.(;gn).t!ra. But on the other hand
"I believe (r).Qr" is an intensioncrl function, because, even if #r.:,.**,
it byno means foliows that I believe (*).r!r* provided I believe (a).$o. The
rrrlrl< of an extensional function/ of a function f ! 2 is

$ | c . =n. rlr t u 
= 
)0,* : f (* t 2) . = . f (^lr t 2).

(Wc rvrite "f 12" when we rvish to speak of the function itself as opposed to
its rr.rgurnent.) The functions of funcfions with which mathematics is speciaily
r:otrccrtrorl are all exiensional.

Wlrr:n a funcbion of $12 is extensional, it may be regarded as being
tlroul, llrc cla,ss determined by { !2, since its truth-value remains unchanged
so Lrrrg rw t,he class is unchanged. Ilence we require, for the theory of classes,
t rrrr:tlrorl of obtaining an extensional function from any given function of a
Irrrrction. 'l'his is effcctcd by the following definition:


