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APPENDIX A.

THE LOGICAL AND ARITHMETICAIL DOCTRINES OF FREGE.

475. THr work of Frege, which appears to be far less known than it
deserves, contains many of the doctrines set forth in Parts I and IT of the
present ‘work, and where it differs from the views which I have advocated,
the differences demand discussion. Frege’s work abounds in subtle distine-
tions, and avoids all the usual fallacies which beset writers on Logic. His
symbolism, though unfortunately so cumbrous as to be very difficult to
employ in practice, is based upon an analysis of logical notions much more
profound than Peano’s, and is philosophically very superior to its more
convenient rival.. In what follows, I shall try briefly to expound Frege's
theories on the most important points, and to explain my grounds for
differing where I do differ. But the points of disagreement are very few
and slight compared to those of agreement. They all result from difference
on three points: (1) Frege does not think that there is a contradiction in the
notion of concepts which cannot be made logical subjects (see § 49 supra);
(2) he thinks that, if a term a oceurs in ‘a proposition, the proposition can
always be anglysed into « and an assertion about « (sce Chapter vi);
(3) he is not a}w%'e of the contradiction discussed in Chapter x. These are
very fundamental matters, and it will be well here to discuss them afresh,
since the previous discussion was written in almost complete ignorance of
Frege’s work.

ge is compelled, as I have been, to employ common words in technical
senses which depart more or less from usage. As his departures are frequently
different from mine, a difficulty arises as regards the translation of his terms.
Some of these, to avoid confusion, I shall leave untranslated, since every
English equivalent that I can think of has been already employed by me in a
slightly different sense.

The principal heads under which Frege's doctrines may be discussed are
the following: (1) meaning and indication ; (2) truth-values and judgment ;
(3) Begriff and Gegenstand; (4) classes; (5) implication and symbolic logic ;
(6) the definition of integers and the principle of abstraction; (7) wathe-
matical induction and the theory of progressions. I shall deal successively
with these topics.
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478. Meaning and indication. The distinction between meaning (Sinr)
and indication (Bedeutung)® is roughly, though not exactly, equivalent to
my distinction between a concept as such and what the concept denotes
(3 96). Frege did not possess this distinction in the first two of the works
under consideration (the Begriffsschrift and the Grundlagen der Arithmetik);
it appears first in BuG. (cf. p. 198), and is specially dealt with in SuB.
Before making the distinction, he thought that identity has to do with the
names of objects (Bs. p. 13): “ A is identical with B” means, he says, that
the sign A and the sign B have the same signification (Bs. p. 15)—a definition
which, verbally at least, suffers from circularity. But later he explains
identity in much the same way as it was explained in § 64. ¢ Identity,” he
says, “calls for reflection owing to questions which attach to it and are not
quite easy to answer. Is it a relation? A relation between Gegenstinde ¢
or between names or signs of (egenstinde?” (SuB. p. 25). We must
distinguish, he says, the meaning, in which is contained.the way of being
given, from what is indicated (from the Bedeutung). Thus “the evening star”
and “the morning star” have the same indication, but not the same meaning,
A word ordinarily stands for its indication; if we wish to speak of its
Imeaning, we must use inverted commas or some such device (pp- 27-8). The
indication of a proper name is the object which it indicates; the presentation
which goes with it is quite subjective ; between the two lies the meaning,
which is not subjective and yet is not the object (p. 30). A proper name
expresses its meaning, and indicates its indication (p. 31).

This theory of indication is more sweeping and general than mine, as
appears from the fact that every proper name is supposed to have the two
sides. ' It seems to me that only such proper names as are derived from con-
cepts by means of the can be said to have meaning, and that such words as
John merely indicate without meaning. If one allows, as I do, that concepts
can be objects and have proper names, it seems fairly evident that their
proper names, as a rule, will indicate them without having any distinct
meaning ; but the opposite view, though it leads to an endless regress, does
not appear to be logically impossible. The further discussion of this point
must be postponed until we come to F rege’s theory of Begriffe.

477.  Truth-values and Judgment. The problem to be discussed under
this head is the sane as the one raised in § 521, concerning the difference
between asserted and unasserted propositions. But Frege’s position on this
question is more subtle than mine, and involves a more radical analysis of
judgment. His Beyriffsschrift, owing to the absence of the distinction
between meaning and indication, has a simpler theory than his later works.
I shall therefore omit it from the discussions.

There are, we are told (Gg. p. x), three elements in judgment: (1) the
recognition of truth, (2) the Gedanke, (3) the truth-value (Wahrheitswerth).

® I do not translate Redeutung by denotation, because this word has a technical
meaning different from Frege's, and also because bedeuten, for him, is not quite the same
as denoting for me.

t This is the logical side of the problem of Aunahmen, raised by Meinong in his able
work on the subject, Leipzig, 1902. The logical, though not the psychological, part of
Meinong’s work appears to have been completely anticipated by Frege.
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Here the Gedanke is what I have called an unasserted proposition—or rather,
what I called by this name covers both the Gedanke alone and the Gedanke
together with its truth-value. It will be well to have names for these two
distinct notions ; I shall call the Gedanke alone a propositional concept ; the
truth-value of a Gedanke I shall call an assumption®, Formally at least, an
assumption does not require that its content should be a propositional
concept: whatever = may be, “the truth of z” is a definite notion. This
means the true if x is true, and if x is false or not a proposition it means the
false (FuB. p. 21). In like manner, according to Frege, there is “the
falsehood of z”; these are not assertions and negations of propositions, but
only assertions of truth or of falsity, t.c. negation belongs to what is asserted,
and is not the opposite of assertionf. Thus we have first & propositional
concept, next its truth or falsity as the case may be, and finally the assertion
of its truth or falsity. Thus in a hypothetical judgment, we have a relation,
not of two judgments, but of two propositional concepts (SuB. p. 43),

This theory is connected in a very curious way with the theory of
meaning and indication. It is held that every assumption indicates the
true or the false (which are called truth-values), while it means the
corresponding propositional concept. The assumption “2?=4" indicates
the true, we are told, just as “2!” indicates 4% (FuB. p. 13; SuB. p. 32).
In a dependent clause, or where a name occurs (such as Odysseus) which
indicates nothing, a sentence may have no indication. But when a sentence
has & truth-value, this is its indication. Thus every assertive sentence
(Behauptungssatz) is a proper name, which indicates the true or the false
(SuB. pp. 32—4; Gg. p. 7). The sign of judgment (Urtheilstrich) does
not combine with other signs to denote an object; a judgment indicates
nothing, but asserts something. Frege has a special symbol for judgment,
which is something distinct from and additional to the truth-value of a
propositional concept (Gg. pp. 9--10).

478. There are some difficulties in the ahove theory which it will be
well ¢ discuss. In the first place, it seems doubtful whether the introduction
of truth-values marks any real analysis. If we consider, say, *“ Caesar died,”
it would seem that what is asserted is the propositional concept “ the death
of Caesar,” not “the truth of the death of Caesar.” This latter seems to be
merely another propositional concept, asserted in “the death of Caesar is
true,”” which is not, I think, the same proposition as “ Caesar died.” There
is great difficulty in avoiding psychological elements here, and it would
seem that Frege has allowed them to intrude in describing judgment as
the recognition of truth (Gg. p. x). The difficulty is due to the fact that
there is a psychological sense of assertion, which is what is lacking to
Meinong’s Annahmen, and that this does not run parallel with the logical
sense. Psychologically, any proposition, whether true or false, may be
merely thought of, or may be actually asserted : but for this possibility,
error would be impossible. But logically, true propositions only are asserted,

* Frege, like Meinong, calls this an Annahme : FuB. p. 21.

+ Gg. p. 10. Cf. also Ba. p. 4.

¥ When a term which indicates is itself to be spoken of, as opposed to what it indicates,
Frege uses inverted commas. Cf. § 56,
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though they may occur in an unasserted form as parts of other propositions.
In “p implies ¢,” either or both of the propositions p, ¢ may be true, yet
each, in this proposition, is unasserted in a logical, and not merely in a
psychological, sense. Thus assertion has a definite place among logical
notions, though there is a psychological notion of assertion to which nothing
logical corresponds. But assertion does not seem to be a constituent of
an asserted proposition, although it is, in some sense, contained in an
asserted proposition. If p is a proposition, “p’s truth” is a concept which
has being even if p is false, and thus “p's truth” is not the same as p
asserted. Thus no concept can be found which is equivalent to p asserted,
and therefore assertion is not a constituent in p asserted. Yet assertion
i8 not a term to which p, when asserted, has an external relation ; for any
such relation would need to be itself asserted in order to yield what we
want. Also a difficulty arises owing to the apparent fact, which may
however be doubted, that an asserted proposition can never be part of
another proposition : thus, if this be a fact, where any statement is made
about p asserted, it is not really about p asserted, but only about the
assertion of p. This difficulty becomes serious in the case of Frege's one
and only principle of inference (Bs. p. 9): “p is true and p implies ¢;
therefore ¢ is true*.” Here it is quite essential that there should be three
actual assertions, otherwise the assertion of propositions deduced from
asserted premisces would be impossible; yet the three assertions together
form one proposition, whose unity is shown by the word therefore, without
which ¢ would not have been deduced, but would have been asserted as a
fresh premiss. ‘

It is also almost impossible, at least to me, to divorce assertion from
truth, as Frege does. An asserted proposition, it would seem, must be
the same as a true proposition. We may allow that negation belongs to
the content of a proposition (Bs. p. 4), and regard every assertion as
asserting something to be true. We shall then correlate p and not-p as
unasserted propositions, and regard “p is false” as meaning ‘‘not-p is true.”
But to divorce assertion from truth seems only possible by taking assertion
in a psychological sense.

479. Frege’s theory that assumptions are proper names for the true
or the false, as the case may be, appears to me also untenable. Direct
inspection seems to show that the relation of a proposition to the true
or the false is quite different from that of (say), ‘“the present King of
England” to Edward VII. Moreover, if Frege's view were correct on this
point, we should have to hold. that in an asserted proposition it is the
meaning, not the indication, that is asserted, for otherwise, all asserted
propositions would assert the very same thing, namely the true, (for false
propositions are not asserted). Thus asserted propositions would not differ
from one another in any way, but would be all strictly and simply identical.
Asserted propositions have no indication (FuB. p. 21), and can only differ,
if at all, in some way analogous to meaning. Thus the meaning of the
unasserted proposition together with its truth-value must be what is asserted,

* Cf. supra, § 18, (4) and § 38,

g
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if the meaning simply is rejected. But there seems no purpose in introduc-
ing thfa truth-value here: it seems quite sufficient to say that an asserted
proposition is one whose meaning is true, and that to say the meaning is
true is the same as to say the meaning is asserted. We might then conclude
that true propositions, even when they occur as parts of others, ate always
and essentially asserted, while false propositions are always unasserted, thus
escaping the difficulty about therefore discussed above. It may also be objected
to Frege that “ the true” and * the false,” as opposed to truth and falsehood,
do not‘d.enot.e single definite things, but rather the classes of true and false
propositions respectively. This objection, however, would be met by his
theory of ranges, which correspond approximately ta my classes; these,
he says, are things, and the true and the false are ranges (v. infl).

480.  Begriff and Gegenstand. Fumctions. I come now to a point in
wl_lmh Frege’s work is very important, and requires careful examination.
His use of the word Begriff does not correspond exactly to any notion in
my vocabulary, though it comes very near to the notion of an assertion as
defined in §43, and discussed in Chapter vii. On the other hand, his
Gegenstand seems to correspond exactly to what I have called a thing (§ 48).
I shall therefore translate Gegenstand by thing. The meaning of proper
name seems to be the same for him as for me, but he regards the range of
proper names as confined to things, because they alone, in his opinion, can
be logical subjects.

Frege's theory of functions and Begriffe is set forth simply in FuB. and
defen_ded against the criticisms of Kerry® in BuG. He regards functions—
and in this I agree with him—as more fundamental than predicates and
re]au(.)ns; but he adopts concerning functions the theory of subject and
assertion which we discussed and rejected in Chapter vir. The acceptance of
thm‘v:ew gives a simplicity to his exposition which I have been unable to
attain; but I do not find anything in his work to persuade me of the
legitimacy of his analysis.

An arithmetical fftction, e.g. 22°+ 2, does not denote, Frege says, the
result qu an arithmetical operation, for that is merely a number, which would
be nothing new (FuB. p. 5). The essence of a function is what is left when
the z is taken away, i.c., in the above instance, 2( P+( ) Theargument
* does not belong to the function, but the two together make a whole
(3. p. 6). A function may be a proposition for every value of the variable;
its valu®s then always a truth-value (p- 13). A proposition may be divided
Into two parts, as “ Caesar” and * conquered Gaul.” The former Frege calls
the argument, the latter the function. Any thing whatever is a possible
argument for a function (p. 17). (This division of propositions corresponds
emcf';l_v to my wsubject and assertion as explained in § 43, but Frege does not
restrict this method of analysis as I do in Chapter vi1.) A thing is anything
which is not a function, i.e, whose expression leaves no empty place. The
t.wo‘ following accounts of the nature of a function are quoted from the
earliest and one of the latest of Frege's works respectively.

(1) “If in an expression, whose content need not be propositional

* Vierteljahrschrift fiir wiss. Phil., vol. x1, pp. 249-307.
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ilbar), a simple or composite sign occurs in one or more plafses, and
S\Ir’:ﬁ:gh::-ldb‘;t);s replaﬂ:e&ble, in cl:::: or more of these places, by somet.hmg ;ells?,
but by the same everywhere, then we call the part of the expression which
remains invariable in this process a function, and the replaceable part we
its argument” (Bs. p. 16). o
call(ﬂ) “?f from a{ pmpI;r na.)me we exclude a proper name, which is part
or the whole of the first, in some or all of the places where it occurs, but 13
such n way that these places remain recognizable as to be filled }?y on;:‘ a.g
the same arbitrary proper name (as argument po‘snbwns of the first m‘t{:
I call what we thereby obtain the name of a function of the ﬁrst._ ordf?ﬁ w:h
one argument. Suck a name, t.oget.het; \?gh A pl;of)ar name which fills the
argument-places, forms a proper name” (Gg. p. i
g“The ln;:ter definition n?aypifeeome plainer by the help of some exa.mple:
“The present king of England" is, according to Frege, a proper name, tmrd
“ England ™ is a proper name which is part of 'it. T’l’ms hem we mn% hrega
England as the argument, and ‘the present king of " as f1.‘mct.wn. hus we
are led to “the present king of w” This expression will always a.v? a
meaning, but it will not have an indication except for those valua? o ii:
which at present are monarchies. The above function is ”nct propoaltlor.m -
But “Caesar conquered Gaul " leads to “x conqu.erecl Gaul ; here we hav je 3
propositional function. There is here a minor point to be :Jaot{ced: the asser re
proposition is not a proper name, but only the assumption 18 a propeana.T”
for the true or the false (v. supra); thus it is not Cu.esa.r‘ c?nquered . auh
as asserted, but only the corresponding assumption, t.h‘aF is mvolv.ed in the
geunesis of a propositional function. This is indeed authclentl,)l' obvious, since
we wish @ to be able to be any thing in “2 conquered Gaul,” whereas there
is no such asserted proposition except when z did actually perform t.}:,w ;t‘a;\.t..
Again consider “Socrates is a man implies Socrates is a mortal. 'his
(unasserted) is, according to Frege, a proper name for the true. By varying
the proper name “Socrates,” we can obtain t.h’ree pmposlt..lon,al fuqctlti?&
namely “z is u man implies Socrates is a mortal,” “ Bocrates is u man implies
x is & mortal,” “2 is a man fnplies z is a mortal.” Of these the first anld
third are true for all values of u, the second is true when and only when x is
L )
: mtl;l;'ta;uppressing in like manner a proper name in the name of a'.functmn
of the first order with one argument, we obtain the name of‘u function of t;'lﬁ
first order with two arguments (Gg. p. 44). Thus e.g. starting from “1<2,
we get first “a < 2,” which is the name of a function of the first fn'der with
one argument, and thence “a<y," which is the name o‘f n ‘iun(’:t.lon of the
first order with two arguments. By suppressing a function in like manner,
Frege says, we obtain the name of a function of the ae.oond orr.ler: (Gg. p- 4‘4)‘
Thus e.g. the assertion of existence in the mathemu.tlcal_ sense is s.”fl..mctmn
of the second order: “There is at least one value of «x satisfying ¢ " 18 not a
function of », but may be regarded as a function of ¢. Here ¢ must on no
account be a thing, but may be any function. Thus t.lus proposition,
considered as a function of ¢, is quite diferent from functions of .the first
order, by the fact that the possible arguments are different. '.l‘hus given ;imyt
proposition, say f(a), we may consider either f(x), the function of the firs

481] The Logical and Arithmetical Doctrines of Frege 507

order resulting from varying a and keeping f constant, or ¢ (a), the function
of the second order got by varying fand keeping « fixed ; or, finally, we may
consider ¢ (z), in which both £ and a are separately varied. (It is to be
observed that such notions as ¢ (a), in which we consider any proposition
concerning a, are involved in the identity of indiscernibles as stated in §43.)
Functions of the first order with two variables, Frege poiuts out, express
relations (Bs. p. 17); the referent and the relatum are both subjects in a
relational proposition (Gl. p. 82). Relations, just as much as predicates,
belong, Frege rightly says, to pure logic (ib. p. 83).

48l. The word Begriff is used by Frege to mean nearly the same thing

as propositional function (e.g. FuB. p. 28)*; when there are two variables,
the Begriff is a relation. A thing is anything not a function, 7.e. anything
whose expression leaves no empty place (ib. p. 18). To Frege's theory of the
essential cleavage between things and Begriffe, Kerry objects (loe. cit. p. 272 1)
that Begriffe also can occur as subjects. To this Frege makes two replies,
In the first place, it is, he says, an important distinction that some terms can
only occur as subjeets, while others can oceur also us voncepts, even if Begriffe
can also occur as subjects (Buti, p. 195). In this I agree with him entirely ;
the distinction is the one employed in §§ 48, 49.  But he goes on to a second
point which appears to me wmistaken. We can, he says, have a concept
falling under a higher one (as Socrates falls under man, he means, not as

Greek falls under man); but in such cases, it is not the concept itself, but its

name, that is in question (BuG. p. 195). “The concept horse,” he says, is°
not a concept, but a thing ; the peculiar use is indieated by inverted commas

(éb. p. 196). But a few pages later he makes statements which seem to

involve a different view. A concept, he says, is essentially predicative even

when something is asserted of it: an assertion which can be made of a

concept does not fit an object. Wlen a thing is said to fall under a concept,

and when a concept is said to fall under a higher concept, the two relations

involved, though similar, are not the same {ib. p. 201). Tt is ditficult to me

to raaf\t‘wile these remarks with those of p. 195; but I shall return to this

point shortly.

Frege recognizes the unity of a proposition : of the parts of a propositional
concept, he says, not all can be complete, but one at least nust be incom plete
(ungesdttiyt) or predicative, otherwise the parts would not cohere (th. p. 205).
He recognizes also, though he does not discuss, the oddities resulting from
any and every and such words: thus he remarks that every positive integer
is the sum of four squares, but “every positive integer” is not a possible
value of 2 in “« is the sum of four squares.” The meaning of “every
positive integer,” he says, depends upon the context (Bs. p. 17)—a remark
which is doubtless correct, but does not exhaust the subject. Self-contra-
dictory notions are admitted as concepts: & is a concept if “a falls under
the concept F7” is a proposition whatever thing @ may be (Gl p. 87). A
concept is the indication of a predicate; a thing is what can never be

* **We have here a function whose value is always a trath-value. Such functions
with one argument we have called Begriffe; with two, we call them relations.” Cf. Gl.
pp- 82--3.
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the whole indication of a predicate, though it may be that of a subject
. p. 198). . )
(BHEISE.P .'l'l‘hg above theory, in spite of close rf.semhlance, differs in scfbme
important points from the theory set forth in Part 1 above. Before
“examining the differences, I shall briefly reca.plltulat.e my own thef)rlf‘
Given any propositional concept, or any unity (see § 136), whl{: t;:my
in the limit be simple, its constituents are in general olf two sorts : ( _) ohsa
which may be replaced by anything else what.ev.ar without dast.my}ng“:ha
unity of the whole; (2) those which have not this property. Thus in e
death of Caesar,” anything else may be substituted for Caesar, t?ut a pmpﬁ:
name must not be substituted for death, and hardly anything can be
substituted for of. Of the unity in question, the former cla.f*; of constituents
will be called terms, the latter concepts. We have then, in regard to any
i consider the following objects: .
um?;’)mWhat. remains of theg said unity when one of _ita. terms 11;1:113])'
removed, or, if the term occurs several times, :when it is remov Lom
one or more of the places in which it occurs, or, if the unity has m(;;'e. ; T]n
one term, when two or more of its terms are ren;:wedf fmrzl_ some or all of the
s where they occur. This is what Frege calls a function.
Pla‘—'(ez) The clagrs of unities differing from the :_aa.id unity, if at all, onliv by
the fact that one of its terms has been replaced, in one or more of the p ;.c.es
where it occurs, by some other terms, or by the fact that two or more of 1ts
terms have been thus replaced by other terms.
(3) Any member of the class (2). o
(4) The assertion that every member of the class S)..)'ls true.
(5) The assertion that some member of the class (2) is true. hich the
(6) The relation of a member of the class (2) to the value whic
i in that member. .
‘”“";ELE ;:::?dmentnl case is that where our unity is a pwmsitlorm! conc'ept..
From this is derived the usual mathematical notion of function, .whnfh rmglht.
at first sight seem simpler. 1f f(z) is not a propositional functzun, its value
for a given value of z (f(x) being assumed to‘be om?—val.ue!d) is the term y
satisfying the propositional function y= -If(a:}, i.e. s&tlsfyms,.for.tl.le g;v;:‘r;
value of x, some relational proposition ; this relatfu.n&l proposﬂfmu is involv
in the definition of f(x), and some such prupomta()flf’.l function is required
in the definition of any function which is not pn:posfltlona!. e
As regards (1), confining ourselves to one variable, it was maintaine

in Chapter vit that, except where the proposition from which we start .

is predicative or else asserts a fixed relation to a .ﬁxed t.erm‘.l therff is 1;3
such entity: the analysis into argument and assertion cannot be pe (;rm

in the manner required. Thus what Frege calls & fun?'t.ton, if our conc 1;axon
was sound, is in general a non-entity. Anot.'her point of 1c.llﬂe.reu-::;: ;oni
Frege, in which, however, he appears to be in the right, 1f:ab11n t ?‘ ac
that 1 place no restriction upon the variation of t.h‘e variable, :vb(ln,rem
Frege, according to the nature of the function, confines 'tlae variable to
things, functions of the first order with one variable, func.t.mns of the. t]l;ist
order with two variables, functions of the second order with one variable,

and so on. There are thus for him an infinite number of different kinds
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of variability, This arises from the fact that he regards as distinct the
concept occurring as such and the concept occurring as term, which I (§ 49)
have identified. For me, the functions, which cannot be values of variables
in functions of the first order, are non-entities and false abstractions.
Instead of the rump of a proposition considered in (1), I substitute (2)
or (3) or (4) according to circumstances. The ground for regarding the
analysis into argument and function as not always possible is that, when
one term is removed from a propositional concept, the remainder is apt
to have no sort of unity, but to fall apart into a set of disjointed terms,
Thus what is fundamental in such a case is (2). Frege's general definition
of a function, which is intended to cover also functions which are not
propositional, may be shown to be inadequate by considering what may
be called the identical function, i.e. = as a function of . If we follow
Frege’s advice, and remove = in hopes of having the function left, we find
that nothing is Jeft at all; yet nothing is not the meaning of the identical
function. Frege wishes to have the empty places where the argument is
to be inserted indicated in some way; thus he says that in 2%+ z the
funetion is 2( )*+( ). But here his requirement that the two empty
places are to be tilled by the same letter cannot be indicated: there is no
way of distinguishing what we mean from the function involved in 2a® +y.
The fact seems to be that we want the motion of any term of a certain
class, and that this is what our empty places really stand for. The function,
as a single entity, is the relation (6) above; we can then consider any
relatum of this relation, or the assertion of all or some of the relata, and
any relation can be expressed in terms of the corresponding referent, as
“Hocrates is & man” is expressed in terms of Socrates. But the usual
formal apparatus of the calculus of relations cannot be employed, because
it presupposes propositional functions. We may say that a propositional
function is a many-one relation which has all terms for the class of its
refereg% and has its relata contained among propositions®: or, if we
prefer, We may call the class of relata of such a relation a propositional
function. But the air of formal definition about these statements is
fallacious, since propositional functions are presupposed in defining the
class of referents and relata of a relation.

Thus by means of propositional functions, propositions are collected into
classes. (These classes are not mutually exclusive.) But we may also collect
them into classes by the terms which occur in them: all propositions con-
taining a given term a will form a class. In this way we obtain propositions
concerning variable propositional functions. In the notation ¢ (), the ¢ is
essentially variable ; if we wish it not to be so, we must take some particular
proposition about «, such as “x is a class” or “& implies .” Thus é ()
essentially contains two variables. But, if we have decided that ¢ is not a
separable entity, we cannot regard ¢ itself as the second variable. It will
be necessary to take as our variable either the relation of x to ¢ (), or else
the class of propositions ¢ (y) for different values of y but for constant .
This does not matter formally, but it is important for logic te be clear as to

* Not all relations having this property are propositional functions; ». inf.
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the meaning of what appears as the variation of ¢. We obtain in this way
another division of propositions into classes, but again these classes are not
mutually exclusive. :

In the above manner, it would seem, we can make use of propositional
functions without having to introduce the objects which Frege calls functions.
It is to be observed, however, that the kind of relation by which proposi-
tional functions are defined is less general than the class of many-one relations
having their domain coextensive with terms and their converse domain con-
tained in propositions. For in this way any proposition would, for a suitable
relation, be relatum to any term, whereas the term which is referent must,
for a propositional function, be a constituent of the proposition which is its
relatum®. This point illustrates again that the class of relations involved
is fundamental and incapable of definition. But it would seem also to show
that Frege's different kinds of variability are unavoidable, for in considering
(say) ¢ (2), where ¢ is variable, the variable would have to have as its range
the above class of relations, which we may call propositional relations.
Otherwise, ¢ (2) is not a proposition, and is indeed meaningless, for we
are dealing with an indefinable, which demands that ¢ (2) should be the
relatum of 2 with regard to sowe propositional relation. The contradiction
discussed in Chapter x seems to show that some mystery lurks in the varia-
tion of propositional functions ; but for the present, Frege’s theory of different
kinds of variables must, I think, be accepted.

483. It remains to discus. afresh the question whether concepts can be
made into logical subjects without chunge of meaning. Frege's theory, that
when this appears to be done it is really the name of the concept that is
involved, will not, I think, bear investigation. In the first place, the mere
assertion “not the concept, but its name, is involved,” has already made the
concept a subject. In the second place, it seems always legitimate to ask :
¢“what is it that is named by this name?” If there were no answer, the
name could not be a name ; but if there is an answer, the concept, s opposed
to its name, can be made a subject. (Frege, it may be observed, does not
seem to have clearly disentangled the logical and linguistic elements of
naming : the former depend upon deunoting, and have, I think, a much more

restricted range than Frege allows them.) Itis true that we found diffienlties
in the doctrine that everything can be a logical subject : as regards “any @,”
for example, and also as regards plurals. But in the case of “any a,” there
is ambiguity, which introduces a new class of problems; and as regards
plurals, there are propositions in which the many behave like a logical
subject in every respect except that they are many subjects and not one
only (see § 127, 128). TIn the case of concepts, however, no such escapes
are possible. The case of asserted propositions is difficult, but is met, I think,
by holding that an asserted proposition is merely a true proposition, and is
therefore asserted wherever it occurs, even when grammar would lead to
the opposite conclusion. Thus, on the whole, the doctrine of concepts which
cannot be made subjects seems untenable.
484. Classes. Frege's theory of classes is very difficult, and I am not

* The notion of & constituent of & proposition appears to be a logical indefinable.
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sure that I have thoroughly understood it. He gives the name Werthver-
layf* to an entity which appears to be nearly the same as what I call the
.cla.saf as one. The concept of the class, and the class as many, do not appear
in his exposition. He differs from the theory set forth in Chapter v1 chiefly
by the fact that he adopts a more intensional view of classes than I have
done, being led thereto mainly by the desirability of admitting the null-class
a.nd‘ of distinguishing a term from a class whose only member it is. I agree
:;:nrellly Ii:hl:'t. these e;wo objects cannot be attained by an extensional theory,
oug ave tried to show how to satisfy the i i
g gl ¥ requirements of formalism

The extension of a Begriff; Frege says, is the range of a function whose
value for every argument is a truth-value (FuB. p. 16). Ranges are things
whereas functions are not (ib. p. 19). There would be no null-class, if classes
were taken in extension ; for the null-class is only possible if a class is not
a collection of terms (KB, pp. 436-7). If x be a term, we cannot identify
x, as the extensional view requires, with the class whose only member is z ;
for suppose = to be a class having more than one member, and let y, = be
two different members of z; then if 2 is identical with the class whose only
mm?aber is #, ¥ and 2 will both be mewnbers of this class, and will therefors
be identical with  arid with each other, contrary to the hypothesist. The
exh_msion of a Begriff has its being in the Begriff itself, not in the individuals
falling under the Begriff (ib. p. 451). When I say something about all men
_I say nothing about some wretch in the centre of Africa, who is in no wag:
mdma?ed. and does not belong to the indication of man (p. 454). Begriffe
are prior to their extension, and it is a mistake to attempt, as Schriider does,
to base extension on individuals; this leads to the calculus of regions
(Gebiete), not to Logic (p. 455).

“Thnt. Frege understands by a range, and in what way it is to be
conceived without reference to objects, he endeavours to explain in his
Gru dgesetze der Arithmetik. He begins by deciding that two propositional
functidns are to have the same range when they have the same value for
every value of =z, i.e. for every value of x both are true or both false
(pp- 7, 14) This is laid down as a primitive proposition. But this only
determines the equality of ranges, not what they are in themselves. If
X fé)_be a function which never has the same value for different values of ¢
and if we denote by ¢’ the range of ¢z, we shall have X (¢') = X (¢') when
and only when ¢ and ¢ are equal, 1.e. when and only when ¢z and y= al ways
have the same value. Thus the conditions for the equality of ranges do not
of t'hemselves decide what ranges are to be (p. 16). Let us decide arbitrarily
—since the notion of a range is not yet fixed—that the true is to be the
range of the function “z is true ” (as an assumption, not an asserted propo-
sition), and the false is to be the range of the function *x=not every term
is identical with itself.” It follows that the range of ¢ is the true when
and only when the true and nothing else falls under the Begriff ¢x; the
range of ¢ is the false when and only when the false and nothing else falls
under the Begriff ¢x; in other cases, the range is neither the true nor

* 1 shall translate this as range. t Ib. p. 444. CF supra, § 74.
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. 17—18). If only one thing falls under a cancept, this one
:::ien;a]i:edgsgncb from)t.he rm'lgta!llr of t.h:d cn‘;locept in question (p. 18, note)—
on is the same as that mentioned above.
the'fri:are is an argument (p. 49) to pmv;-.m th:; the nzr:le Of[;:; e:;m;g: 1?: i,:
i has an indication, i.e. that the sym emple
f:::-::'m;e:ln‘::g;esa. In view of the contradiction discussed in Chapter x,
I should be inclined to deny a meaning to a range when we havefa.t}aroﬁsl
tion of the form ¢ [f(¢) ], where f is constant a'nfi b vsnsblfa, or ohj h:e‘ odm
f.(x), where x is variable and £, is a propositional function whic t: e-
t:arm{nnte when z is given, but varies from one value of = to :no zr—t
provided, when f, is analyzed into things and 'conuepta, the part depen e‘n.tl
on z does not consist only of things, but contains also at least one (:onn:ehfsﬁ
This is a very complicated case, in which, I should say, there is no ¢ -
as one, my only reason for saying so being that we can thus escape the
mn:;:lmgm means of variable propositional functions, F!*e_ge obtains a
deﬁnihi;)n o{ the relation which Peano calls ¢, nm:.n:e]y t:he rehtlllnn of. a: t.ern;:
to a class of which it is a member®. The. definition is as follows : mh
is to mean the term (or the range of t-erms‘nf t.!wre be none or m;:ny) x suef
that there is a propositional function ¢ w]ut:.h is such that w is t 3 Enngea:ru
¢ and ¢a is identical with = (p. 53). It is observed that this b: nes .
whatever things a and « may be. In the f‘irst place, suppose uhm a ‘.I.':I;g‘:
Then there is at least one ¢ whose range is u, and any two w t::efmn%i .
are regarded by Frege as identical. Thus we may §p.eal: of the func 01; @
whose range is u. In this case, aeu is the PE‘OpOSltrlOl:l ¢a, which dls lme
when @ is 8 member of u, and is false otherwise. If, in the second p aceé
w is not a range, then there is no such propoent}unal f.unci_;mn as ¢.fal.:e‘
therefore aeu is the range of a propositional function w]nc’h is always s(.i
ie. the nullrange. Thus aeu indicates the true w.hen w is & rsdnge‘ an t’a
is & member of u; aeu indicates the false when u is a range and a is not a
ber of w: in other cases, aex indicates the null-range. ;
me“;t. is to l;a observed that from the equivalence of zeu and zev for al
values of = we can only infer the identity ?f u and v when u :n](:] v.n:
nges. When they are not ranges, the equivalence will .s}waya 0 ;,;‘:h
:ugsnd xev are the null-range for all va.!ues.of a; thus if we allow " 1,:
inference in this case, any two objects which are not ra.nge; woul¢ i
identical, which is absurd. One might be t.ampbed_ to dou}:t wht:t. e‘{  an =
:nust. be’identical even when they are ranges: with an intensional view
classes, this becomes open to question.

roceeds f :
funf;irzgeofp three vm('ia.bleu which T have symbolised as = & y, and here again

i i ictions on the variability
i definition which does not place any restric ab
];: g"'es'r]:is is done by introducing a double range, defined by a pmlnlmhm'l:}:
func;.ion of two variables; we may regard this as a elm}s of om.;i es f\:;l e
senset. If then R is such a class of couples, and if (z; y) is a member o

* Cf. 8§ 21, 76, supra.
+ Negleeting, for the present, our
with sense, cf. § 98.

doubts as to there being any such entity as a couple

p. 55) to an analogous definition of the propositional -
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class, z R y is to hold; in other cases it is to be false or null as before. On
this basis, Frege successfully erects as much of the logic of relations as is
required for his Arithmetic; and he is free from the restrictions on the
variability of R which arise from the intensional view of relations adopted in
the present work (cf. § 83),

486. The chief difficulty which arises in the above theory of classes is as
to the kind of entity that a range is to be. The reason which led me, against
my inclination, to adopt an extensional view of classes, was the necessity of
discovering some entity determinate for a given propositional function, and
the same for any equivalent propositional function. Thus “z is a man” is
equivalent (we will suppose) to “z is a featherless biped,” and we wish to
discover some one entity which is determined in the same way by both these
propositional functions. The only single entity T have been able to discover
is the class as one—except the derivative class (also as one) of propositional
functions equivalent to either of the given propositional functions. This
latter class is plainly a more complex notion, which will not enable us to
dispense with the general notion of cluss; but this more complex notion
(so we agreed in § 73) must be substituted for the class of terms in the
symbolic trestment, if there is to be any null-class and if the class whose only
member is a given term is to be distinguished from that term. It would
certainly be a very great simplification to admit, as Frege does, a range
which is something other than the whole composed of the terms satisfying
the propositional function in question ; but for my part, inspection reveals to
me no such entity, On this ground, and also on account of the contradiction,
I feel compelled to adhere to the extensional theory of classes, though not
quite as set forth in Chapter vi,

487. That some modification in that doctrine is necessary, is proved by
the argument of KB. p. 444. This argument appears capable of proving
that a class, even as one, cannot be identified with the class of which it is the

ly member. In § 74, T contended that the argument was met by the
;?sgm:tion between the class as one and the class as many, but this contention
now appears to me mistaken. For this reason, it is necessary to re-examine
the whole doctrine of classes,

Frege's argument is as follows. If @ is a class of more than one term,
and if a is identical with the class whose only term is a, then to be a term
of @ is the same thing as to be a term of the class whose only term is a,
whence a is the only term of @. This argument appears to prove not merely
that the extensional view of classes is inadequate, but rather that it is wholly
inadmissible. For suppose a to be a collection, and suppose that a collection
of one term is identical with that one term. Then, if a can be regarded as
one collection, the above argument proves that a is the only term of a. We
cannot escape by saying that ¢ is to be a relation to the class-concept or the
concept of the class or the class as many, for if there is any such entity as
the class as one, there will be a relation, which we may call ¢ between terms
and their classes as one. Thus the above argument leads to the conclusion
that either (a) a collection of more than one term is not identical with the
collection whose only term it is, or (8) there is no collection as one term at
all in the case of a collection of many terms, but the collection is strictly and
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only many. One or other of these must be admitted in virtue of the above
argument.

488. (a) To either of these views there are grave objections. The
former is the view of Frege and Peano. To realize the paradoxical nature of
this view, it must be clearly grasped that it is not only the collection as
many, but the collection as one, that is distinet from the collection whose
only term it is, (I speak of eollections, because it is important to examine
the bearing of Frege's argument upon the possibility of an extensional
standpoint.) This view, in spite of its paradox, is certainly the one which
seems to be required by the symbolism. It is quite essential that we should
be able to regard a class as a single object, that there should be a null-class,
and that a term should not (in general, at any rate) be identical with the
class of which it is the only member. It is subject to these conditions that
the symbolic meaning of class has to be interpreted. Frege's notion of a
range may be identified with the collection as one, and all will then go well.
But it ig very hard to see any entity such as Frege's range, and the argument
that there must be such an entity gives us little help. Moreover, in virtue
of the contradiction, there certainly are cases where we have a collection as
many, but no collection as one (§ 104). Let us then examine (), and see
whether this offers a better solution.

(8) Let us suppose that a collection of one term is that one term, and
that a collection of many terms is (or rather are) those many terms, so that
there is not a single term at all which is the collection of the many terms in
question, In this view there is, at first sight at any rate, nothing para-
doxical, and it has the merit of admitting universally what the Contradiction
shows to be sometimes the case. In this case, unless we abandon one of our
fundumental dogmas, ¢ will have to be a relation of a term to its class-concept,
not to its class; if @ is a class-concept, what appears symbolically as the class
whose only term is a will (one might suppose) be the class-concept under
which falls only the concept a, which is of course (in general, if not always)
different from a. Wae shall maintain, on account of the contradiction, that
there is not always a class-concept for a given propositional function ¢,
i.c. that there is not always, for every ¢, some class-concept a such that xea
is equivalent to ¢z for all values of «; and the cases where there is no such
class-concept will be cases in which ¢ is a quadratic form.

" So far, all goes well. But now we no longer have one definite entity
which is determined equally, by any one of & set of equivalent propositional
functions, 7.e. there is, it might be urged, no meaning of class left which is
determined by the extension alone. Thus, to take a case where this leads to
confusion, if @ and b be different class-concepts such that xea and zeb are
equivalent for all values of x, the classconcept under which a falls and
nothing else will not be identical with that under which falls b and nothing
else. Thus we cannot get any way of denoting what should symbolically
correspond to the class as one. Or again, if » and v be similar but different
classes, “similar to «” is a different concept from “similar to »”; thus, unless
we can find some extensional meaning for class, we shall not be able to say
that the number of % is the same as that.of ». And all the usual elementary
problems as to combinations (i.c. as to the number of classes of specified kinds
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contained in a given class) will have become impossible and even meaningless.
For these various reasons, an objector might contend, something like the class
as one must be maintained; and Frege’s range fulfils the conditions required.
It would seem necessary therefore to accept ranges by an act of faith, without
waiting to see whether there are such things.

Nex‘ex:theless, the non-identification of the class with the class as one
whether in my form or in the form of Frege's range, appears unavoidable:
a.nq by a process of exclusion the class as many is left as the only object
which can 'play the part of a class. By a modification of the logic hitherto
adw'ocatefl in the present work, we shall, T think, be able at onece to satisfy
the re;lmrements of the Contradiction and to keep in harmony with common
sense®,

489. Let us begin Ly recapitulating the possible theories of classes which
have presented themselves. A class may be identified with (a) the predicate,
8) thg clla.ss c.oncet']..)t, (y)f t.l;le concept of the class, (5) Frege's range, (¢) the
numerical conjunction of the term
tpanerical oo {;he bon s of the class, ({) the whole composed of

Of these theories, the first three, which are intensional, have the defect
that they do not render a class determinate when its terms are given.
The other three do not have this defect, but they have others. (8) suffers
from a doubt as to there being such an entity, and also from the fact
that,.lf ranges are terms, the contradiction is inevitable. () is logically
unobjectionable, but is not & single entity, except when the class has only
one member. ({) cannot always exist as a term, for the same reason as
applies aguinst (3); also it cannot be identified with the class on account
of Frege’s argumentf.

evertheless, without a single object? to represent an extension
Mathdmatics crumbles. Two propositional functions which are equivu.]entj'.
for all values of the variable may not be identical, but it is necessary that
there should be some object determined by both. Any object that may be
proposed, however, presupposes the notion of cluss, We may define class
optatively as follows: A class is an object uniquely determined by a
propo.sitiona.l function, and determined equally by any equivalent propositional
function. Now we cannot take as this object (as in other cases of symmetrical
%ransitive relations) the class of propositional functions equivalent to a given
propositional function, unless we already have the notion of class. Again
equivalent relations, considered intensionally, may be distinct: we wam’z
tbel.-efore to find some one object determined equally by any one of a set of
equivalent relations. But the only vbjects that suggest themselves are the
class of relations or the class of couples forming their common range ; and
these both presuppose class. And without the notion of class, ele;lent.a.ry
pro!;lems, such as “how many combinations can be formed of m objects n at
a time?” become meaningless. Moreover, it appears immediately evident
that there is some sense in saying that two class-concepts have the same

* The doetri i i i i

M t2(: rine to be advocated in what follows is the direct denial of the dogma stated
+ Archiv 1. p. 444,
+ For the use of the word object in the following discussion, see § 58, note.
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extension, and this requires that there should be some object which can be
called the extension of a class-concept. But it is exceedingly difficult to
discover any such object, and the contradiction proves conclusively that, even
if there be such an object sometimes, there are propositional functions for
which the extension is not one term.

The class as many, which we numbered (¢) in the above enumeration, is
unobjectionable, but is many and not one. We may, if we choose, represent
this by a single symbol : thus zex will mean “x is one of the «’s.’” This
must not be taken as a relation of two terms, x and w, because u as the
numerical conjunction is not a single term, and we wish to have a meaning
for xeu which would be the same if for % we substituted an equal class »,
which prevents us from interpreting w intensionally. Thus we may regard
“z is one of the w’s” as expressing a relation of x to many terms, among
which  is included. The main objection to this view, if only single terms can
be subjects, is that, if » is a symbol standing essentially for many terms, we
cannot make u a logical subject without risk of error. We can no longer
speak, one might suppose, of a class of classes; for what should be the
terms of such a class are not single terms, but are each many terms*.
We cannot assert a predicate of many, one would suppose, except in
the sense of asserting it of each of the many; but what is required
here is the assertion of a predicate concerning the many as many, not
concerning each nor yet concerning the whole (if any) which all compose.
Thus a class of classes will be many many’s; its constituents wiil each be
only many, and cannot therefore in any sense, one might suppose, be
single constituents. Now I find myself forced to maintain, in spite of the
apparent logical difficulty, that this is precisely what is required for the
assertion of number. If we have a class of classes, each of whose members
has two terms, it is necessary that the members should each be genuinely
two-fold, and should not be each one. Or again, “ Brown and Jones are two”
requires that we should not combine Brown and Jones into a single whole,
and yet it has the form of a subject-predicate proposition. But now a
difficulty arises as to the number of members of a class of classes. In what
sense can we speak of two couples? This seems to require that each couple
should be a single entity; yet if it were, we should have two units, not two
couples. We require a sense for diversity of collections, meaning thereby,
apparently, if » and v are the collections in question, that xex and xev are
not equivalent for all values of .

490. The logical doctrine which is thus forced upon us is this: The
subject of a proposition may be not a single term, but essentially many terms;
this is the case with all propositions asserting numbers other than 0 and 1.
But the predicates or class-concepts or relations which can occur in propositions
having plural subjects are different (with some exceptions) from those that
can occur in propositions having single terms as subjects. Although a class
is many and not one, yet there is identity and diversity amqng classes, and
thus classes can be counted as though each were a genuine unity; and in this
sense we can speak of ome class and of the classes which are members of a

* Wherever the context requires it, the reader is to add * provided the class in question
(or all the classes in question) do not consist of a single term.”
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class of classes. One must be held, however, to be somewhat different when
asserted of a class from what it is when asserted of a term; that is, there is
a meaning of one which is applicable in speaking of ore term, and another
which js applicable in speaking of one class, but there is also a general
meaning applicable to both cases. The fundamental doctrine upon which
all rests is the doctrine that the subject of a proposition may be plural, and
that such plural subjects are what is meant by classes which have more than
one term¥*.

It will now be necessary to distinguish (1) terms, (2) classes, (3) classes
of classes, and so on ad infinitum ; we shall have to hold that no member of
one set is & member of any other set, and that xeu requires that x should be
of a set of a degree lower by one than the set to which « belongs. Thus zex
will become a meaningless proposition ; and in this way the contradiction is
avoided.

491. But we must now consider the problem of classes which have one
member or none. The case of the null-class might be met by a bare denial—
this is only inconvenient, not self-contradictory. But in the case of classes
having only one term, it is still necessary to distinguish them from their sole
members, This results from Frege's argument, which we may repeat as
follows. Let u be a class having more than one term ; let w be the class of
classes whose only member is ». Then w has one member, » has many;
hence » and «w are not identical. It may be doubted, at first sight, whether
this argument is valid. The relation of x to u expressed by zeu is a relation
of a single term to many terms; the relation of w to w expressed by wew is
a relation of many terms (as subject) to many terms (as predicate)t. This
is, so an objector might contend, a different relation from the previous one;
and thus the argument breaks down. It is in different senses that x is a
member~ef u and that u is a member of w ; thus » and w may be identical
in spite of sthe argument.

This attempt, however, to escape from Frege’s argument, is capable of
refutation. For all the purposes of Arithmetic, to begin with, and for many
of the purposes of logic, it is necessary to have a meaning for ¢ which is
equally applicable to the relation of a term to a class, of a class to a class of
classes, and so on. But the chief point is that, if every single term is a class,
the proposition xer, which gives rise to the Contradiction, must be admissible.
It is only by distinguishing # and w, and insisting that in xeu the % must
alwagy be of a type higher by one than z, that the contradiction can be
avoided. Thus, although we may identify the class with the numerical
conjunction of its terms, wherever there are many terms, yet where there is
only one term we shall have to accept Frege’s range as an object distinct
from its only term. And having done this, we may of course also admit a
range in the case of a null propositional function. We shall differ from
Frege only in regarding a range as in no case a term, but an object of a
different logical type, in the sense that a propositional function ¢ (), in
which ® may be any term, is in general meaningless if for x we substitute a

* Cf. §§ 128, 132 supra.
t The word predicate is here used loosely, not in the precise sense defined in § 48.



518 Appendix A [491

range; and if 2 may be any range of terms, ¢ () will in general be meaning-
less if for x we substitute either a term or a range of ranges of termns.
Ranges, finally, are what are properly to be called classes, and it is of them
that cardinal numbers are asserted.

492, According to the view here advocated, it will be necessary, with
every variable, to indicate whether its field of significance is terms, classes,
classes of classes, or so on*. A variable will not be able, except in special
cases, to extend from one of these sets into another; and in weu, the # and
the u wust always belong to different types; € will not be a relation between
objects of the same type, but ¢ or eRét will be, provided £ is so. We shall
have to distinguish also among relations according to the types to which
their domains and converse domains belong; also variables whose fields
include relations, these being understood as classes of couples, will not as a
rule include anything else, and relations between relations will be different
in type frowm relations between terms. This seems to give the truth—though
in a thoroughly extensional form—underlying Frege’s distinction between
terms and the various kinds of functions. Moreover the opinion here
advocated seems to adhere very closely indeed to common sense.

Thus the final conclusion is, that the correct theory of classes is even
more extensional than that of Chapter vi; that the class as many is the
only object always defined by a propositional function, and that this is
adequate for formal purposes; that the class as one, or the whole composed
of the terms of the class, is probably a genuine entity except where the class
is defined by a quadratic function (see § 103), but that in these cases, and in
other cases possibly, the class as many is the only object uniquely defined.

The theory that there are different kinds of variables demands a reform
in the doctrine of formal implication. In a formal implication, the variable
does not, in general, take all the values of which variables ure susceptible, but
only all those that make the propositional function in question a proposition.
For other values of the variable, it must be held that any given propositional
function becomes meaningless. Thus in zeu, » must be a class, or & class of
classes, or etc., and z must be a term if w is a class, a class if » is a class of
classes, and so on; in every propositional function there will be some range
permissible to the variable, but in general there will be possible values for
other variables which are not admissible in the given case. This fact will
require a certain modification of the principles of Symbolic Logic; but it

remains true that, in a formal implication, all propositions belonging to a
given propositional function are asserted.

With this we come to the end of the more philosophical part of Frege's
work. It remains to deal briefly with his Symbolic Logic and Arithmetic;
but here I find myself in such complete agreement with him that it is hardly
necessary to do more than acknowledge his discovery of propositions which,
when I wrote, 1 believed to have been new.

493. Implication and Symbolic logic. The relation which Frege
employs as fundamental in the logic of propositions is not exactly the same
as what I have called implication: it is a relation which holds between

* See Appendix B. t On this notation, see §§ 28, 97.
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p and g whenever ¢ is true or p is not true, whereas the relation which
I emp!oy holds whenever p and g are propositions, and ¢ is true or p is false.
That is to say, Frege's relation holds when p is not a proposition at all
wl'iat.ever q may be; mine does not hold unless p and ¢ are pmpouitionst
His definition has the formal advantage that it avoids the necessity for
h:vpothes;es of the form “p and ¢ are propositions”; but it has the
dtsnd‘_ra.nta.ge that it does not lead to a definition of propesition and of
negation. In fact, negation is taken by Frege as indefinable; proposition is
introduced by means of the indefinable notion of a truth-value, Whatever
x may be, “the truth-value of 2" is to indicate the true if x is true, and the
.fa!se in all other cases. Frege's notation has certain advantages over Peano's
in spite of the fact that it is exceedingly eumbrous and difficult to use. Ht;
mvhal:iahly defines expressions for all values of the variable, whereas Peano’s
definitions are often preceded by a hypotlesis. He has a special symbol for
assertion, and e is able to nssert for all values of z a propositional function
not stating an implication, which Peano’s symbolism will not do. He also
dmtin@ixh_es-, by the use of Latin and German letters respectively, between
any proposition of a certain propositional function and «ll such prdpositions.
By a.l\:vu:ys using implications, Frege avoids the logical product of two
propositions, and therefore has no axioms mrresp«mdia‘tg to Importation and
Exportation®. Thus the joint assertion of p and ¢ is the denial of *  implies
not-¢.”

484.  Arithmetic. Frege gives exactly the same definition of cardinal
numbers as I have given, at least if we identify his range with my classt.
But following his intensional theory of classes, he regards the number as a
‘property of the class-concept, not of the class in extension. If u be a range,
the nunafjer of u is the range of the concept ““ range similar to «.” In the
Grundlagey der Arithmetik, other possible theories of number are discusssed
and dismissed. Numbers canuot be asserted of objects, because the same
set of objects may have different numbers assigned‘m them (Gl p. 29); for
exm:.nple, one army is so many regiments and such another numbe:' of
soldiers, This view seems to me to involve too physical a view of objects :
I do not consider the army to be the same object as the regiments.
A stronger argumnent for the same view is that 0 will not apply to objects,
but (.?nly to concepts (p- 59). This argument is, I think, conclusive up to ::
certgin point; but it is satisfied by the view of the symbolic nmeaning of
classes set forth in §73. Numbers themselves, like other ranges, are th?ngs
(p- 67). For defining numbers as ranges, Frege uives the same general
ground as I have given, namely what I call the pﬁncipla of abstractiont.
In t.!w Ge'u:l‘edf;esetze der Arithmetik, various theorems in the foundations ;f
cardinal Arithmetic are proved with great elaboration, so great that it is
often very difficult to discover the difference between successive steps in a
demonstmtiuu: In view of the contradiction of Chapter x, it is plain that
some emendation is required in Frege's principles; but it is hard to believe

that._it. can do more than introduce some general limitation which leaves the
details unatfected.

* See §18, (7), (8). + See Gl. pp. 79, 85; Gy. p. 57, Df. Z. + Gl p. 79; of. § 111 supra.
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495. In addition to his work on cardinal numbers, Frege has, already
in the Begriffsschrift, a very admirable theory of progressions, or rather
of all series that can be generated by many-one relations. Frege does not
confine himself to one-one relations: as long as we move in only one direction,
a many-one relation also will generate a series. In some parts of his theory,
he even deals with general relations. He begins by considering, for any
relation f(x, y), functions ' which are such that, if f(z, ) holds, then F (z)
implies F(y). If this condition holds, Frege says that the property F is
inherited in the fseries (Bs. pp. 55—58). From this he goes on to define,
without the use of numbers, a relation which is equivalent to * some positive
power of the given relation.” This is defined as follows. The relation ‘in
question holds between = and y if every property F, which is inherited in the
fseries and is such that f(, z) implies # (z) for all values of 2, belongs to ¥
(Bs. p. 60). On this basis, a non-numerical theory of series is very successfully
erected, and is applied in Gg. to the proof of propositions concerning the
number of finite numbers and kindred topics. This is, so far as I know, the
best method of treating such questions, and Frege's definition just quoted
gives, apparently, the best form of mathematical induction. But as no
controversy is involved, I shall not pursue this subject any further.

Frege’s works contain much admirable criticism of the psychological
standpoint in logic, and also of the formalist theory of mathematics, which
believes that the actual symbols are the subject-matter dealt with, and that
their properties can be arbitrarily assigned by definition. In both these
points, I find myself in complete agreement with him.

496. Kerry (loc. cit.) has criticized Frege very severely, and professes
to have proved that a purely logical theory of Arithmetic is impossible
(p- 304). On the question whether concepts can be made logical subjects,
I find myself in agreement with his criticisms; on other points, they seem
to rest on mere misunderstandings. As these are such as would naturally
occur to any one unfamiliar with symbolic logic, I shall briefly discuss them.

The definition of numbers as classes is, Kerry asserts, a varepoy mpirepov.
We must know that every concept has only one extension, and we must
know what one object is; Frege's numbers, in fact, are merely convenient
symbols for what are commonly called numbers (p. 277). It must be
admitted, T think, that the notion of @ term is indefinable (ef. §132 supra),
and is presupposed in the definition of the number 1. But Frege argues—
and his argument at lenst deserves discussion—that one is not a predicate,

attaching to every imaginable term, but has a less general meaning, and |

attaches to concepts (Gl p. 40). Thus a term is not to be analyzed into one
and term, and does not presuppose the notion of one (cf. §72 supra). As to
the assumption that every concept has only one extension, it is not necessary
to be able to state this in language which employs the number 1: all we
need is, that if ¢a and Yz are equivalent propositions for all values of z,
then they have the same extension—a primitive proposition whose symbolic
expression in no way presupposes the number 1. From this it follows that
if @ and b are both extensions of ¢z, a and b are identical, which again does
not formally involve the number 1. In like manner, other objections to
Frege’s definition can be met.

———.

- ——
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Kerry is misled by a certain passage (Gl p. 80, note) into the belief that
Frege identifies a concept with its extenmsion. The passage in question
appears to assert that the number of u might be defined as the concept
“similar to »” and not as the range of this concept; but it does not say
that the two definitions are equivalent.

There is a long criticism of Frege's proof that 0 is a number, which
reveals fundamental errors as to the existential import of universal
propositions. The point is to prove that, if » and v are null-classes, they are
similar. Frege defines similarity to mean that there is & one-one relation 2
such that “z is a »” implies there is & v to which # stands in the relation
R,” and vice versa. (I have altered the expressions into conformity with my
usual language.) This, he says, is equivalent to *there is a one-one relation
R such that ‘z is a «’ and ¢ there is no term of v to which = stands in the
relation R’ cannot both be true, whatever value = may have, and vice versa”;
and this proposition is true if “z is a »” and “y is a v” are always false,
tl‘his strikes Kerry as absurd (pp. 287—9). Similarity of classes, he thinks,
implies that they have terms. He affirms that Frege’s assertion above is
contradicted by a later one (GL p. 89): “If a is a u, and nothing is a v,
then ‘e is a %’ and * no term is a v which has the relation R to a’ are both
true for all values of R.” I do not quite know where Kerry finds the
contradiction; but he evidently does not realize that false propositions imply
all propositions and that universal propositions have no existential import,
50 that “all a is 6” and “no a is " will both be true if a is the null-class.

. Kerry objects (p. 290, note) to the generality of Frege’s notion of relation.
Frege asserts that any proposition containing ¢ and b affirms a relation
between a and b (Gl. p. 83); bence Kerry (rightly) concludes that it is
self—%’mradictory to deny that a and b are related. So general a notion,
he says, can have neither sense nor purpose. As for sense, that a and b
should both be constituents of one proposition seems a perfectly intelligible
sense; as for purpose, the whole logic of relations, indeed the whole of
l'nathematics, may be adduced in answer. There is, however, what seems at
first sight to be a formal disproof of Frege's view. Consider the propositional
function “ R and S are relations which are identical, and the relation B does
not hold between X and 8.” This contains two variables, B and §; let us
suppose that it is equivalent to “ R has the relation 7 to 8.” Then substi-
tuting 7' for both B and S, we find, since 7 is identical with 7', that * 7" does
ot have the relation 7' to 7'” is equivalent to “ 7" has the relation 7' to 7.”
Tl.xis is a contradiction, showing that there is no such relation as 7. Frege
wight object to this instance, on the ground that it treats relations as terms;
bu't his double ranges, which, like single ranges, he holds to be things, will
bring out the same result. The point involved is closely analogous to that
mvol\jed in the Contradiction: it was there shown that some propositional
functions with one variable are not equivalent to any propositional function
a.ssert‘in.g membership of a fixed class, while here it is shown that some
containing two variables are not equivalent to the assertion of any fixed
relation. But the refutation is the same in the case of relations as it was in
th(.e previous case. There is a hierarchy of relations according to the type of
objects constituting their fields. Thus relations between terms are distinct
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from those between classes, and these again are distinct from relations
between relations. Thus no relation can have itself both as referent and as
relatum, for if it be of the same order as the one, it must be of a higher order
than the other; the proposed propositional function is therefore meaningless
for all values of the variables R and &.

It is affirmed (p. 291) that only the concepts of 0 and 1, not the objects
themselves, are defined by Frege. But if we allow that the range of a
Begriff is an object, this cannot be maintained; for the assigning of a concept
will carry with it the assigning of its range. Kerry does not perceive that
the uniqueness of 1 has been proved (ib.): he thinks that, with Frege's
definition, there might be several 1’s. I do not understand how this can be
supposed: the proof of uniqueness is precise and formal.

The definition of immediate sequence in the series of natural numbers

is also severely criticized (p. 292ff.). This depends upon the general theory
of series set forth in Bs. Kerry objects that Frege has defined “F is
inherited in the fiseries,” but has not defined *the fseries” nor “F'is
inherited.” The latter essentially ought not to be defined, having no precise
sense; the former is easily defined, if necessary, as the field of the relation /.
This objection is therefore trivial. Aguin, there is an attack on the definition:
“y follows « in the fseries if y has all the properties inherited in the fseries
and belonging to all terms to which x has the relation /*.” This criterion,
we are told, is of doubtful value, Lecause no catalogue of such properties
exists, and further because, as Frege himself proves, following x is itself one
of these properties, whence a vicious circle. This argument, to my mind,
radically misconceives the nature of deduction. In deduction, a proposition
is proved to hold concerning every member of a class, and may then be
asserted of a particular member: but the proposition concerning every does
not necessarily result from enumeration of the entries in a catalogue.
Kerry’s position involves acceptance of Mill’s objection to Barbara, that the
mortality of Socrates is a necessary premiss for the mortality of all men.
The fuct is, of course, that general propositions can often be established
where no means exist of cataloguing the terms of the class for which they
hold; and even, as we have abundantly seen, general propositions fully
stated hold of «ll terms, or, as in the above case, of all functions, of which
no catalogue can be conceived. Kerry's argument, therefore, is answered
by a correct theory of deduction; and the logicnl theory of Arithmetic is
vindicated against its critics.

Note. The second volume of (g., which appeared too late to be noticed
in the Appendix, contains an interesting discussion of the contradiction
(pp. 253—265), suggesting that the solution is to be found by denying that
two propositional 'functions which determine equal classes must be equivalent.
Asy it seems very likely that this is the true solution, the reader is strongly
recommended to examine Frege's argument on the point.

* Kerry omits the last clause, wrongly ; for not all properties inherited in the f series
belong to all its terms ; for example, the property of being greater than 100 is inherited in
the number-series.

APPENDIX B.

THE DOCTRINE OF TYPES.

49'{'. Thae d'oct.rine of types is here put forward tentatively, as affording
a possllble solution of the contradiction ; but it requires, in all probability
to]E?e transformed into some subtler shape before it can answer all diff.
:::!I;Les.l s{;:;li:aaezi however, ithshou]d ‘be found to be a first step towards the
S endeavour in this i i i i
well as some problenis which it fuﬁ:} Ptzna;:ll’:'e.w BT R vl e
" itEavt:-:_',; pmpf(mtmnal function ¢-(.:c)—_so it is contended—has, in addition
s o5 ii_'{e o t:ruth, a range of. significance, i.e. a range within which z
g iti:c)_ is i}:;n be a proposition at all, whether true or false. This is
i (];:J s in the tl?eor_y of types; the second point is that ranges of
g rmltypeu, ie if = belongs to the range of significance of ¢(x),
g & class .u.f objects, the type of =, all of which must also belong
;anlge. ’c!f mgm‘hcn.nce of ¢(x), however ¢ may be varied; and the
?nge of signiticance is always either a single type or a sum of sev:.lml whole
ype?. T]:IE second pc!ufb is less precise than the first, and the case of
numbers mlt.roduces difficulties ; but in what follows its importa
meaning will, I hope, become plainer. TR aad
. A term or md’tmdwd is any object which is not a range. This is the
west type of ObJB.Ct:. If such an object—say a certain point in space
:f:i?jllzsugm]q:g prf'up?slt::?n, any {)‘t;her individual may always be suhsfi:ut.e_d
) s of significance, hat we called, in Chapter vl, t
3:;3[‘ Iz‘l_frm individual, provided its members are inc!ividpuu.ls: thehzlj;:a:gti f;;
% aycil e, p(;rsona, t.;sbles, ::hn.lrs, apples, ete., are classes as one, (A person
b a.:;ao psychical existents, the others are classes of material points,
o Efe U;Juﬂsome reference to _secondfmry qualities.) These objects, there-
ob';t A e ;a.me type as simple individuals. Tt would seem that all
: ) sTestgrml:e by xmg;le words, whether things or concepts, are of this
_‘Eq:re}.I hus e.g. the I‘B'fxtlons that occur in actual relational propositions are
; tie same type as things, though relations in extension, which are what
)]'1_:1 holie Logflc em [:aloys, are of a different type, (The intensional relations
:I'l:ich u:cur: in ordm.ary relational propositions are not determinate whe;l
“ us;-P:xoe;nr(?;m! ::e); gl;e:]l: b:t tll'm extensional relations of Symbolic Logic are
2 } ndiv j i
s gig,gﬁmnt]y n;B ;r::j .s are the only objects of which numbers



