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tions also appear. These contradictione are, however, frequently
not at all obvious, for the reason that the consequences are not de-
rived by means of formal rules, but by means of material con-
siderations, in which it is often possible to avoid the traps that
one has set oneself by this dubious formulation. Even where no
contradictions or ambiguities occur, the use of the material mode
of speech has the disadvantage of leading easily to self-deception as
regards the object under discussion: one believes that one is in-
vestigating certain objects and facts, whereas one is, in reality,
investigating their designations, i.e. words and sentences.

$ 8t. Tnu A.pnrrssIBILITy oF THE MernRter-
Moon oF SPEEcH

We have spoken of dangers and not of errors of the material
mode of spee ch. The matqial modc of Eeech h not in itself enoneous ;
it only readily lends itself to wrong use. But if suitable definitions
and rules for the material mode of speech are laid down and
systematically applied, no obscurities or contradictions arise.
Since, however, the wordJanguage is too irregular and too com-
plicated to be actually comprehended in e syEtem of rulea, one
must guard against the dangers of the material mode of speech as
it is ordinarily used in the word-language by kceping in mind the
peculiar character of its sentences. Especially when important
conclusions or philosophical problems are to be based on sentenceg
of the material mode of speech, it is wise to make sure of their
fieedom from ambiguity by translating them into the formal mode.

It is not by ary neans ilggested that the nateial mode of speech
should be mtirely eliminated. For since it is established in general
use, and is thus more readily understood, and is, moreover, often
shorter and more obvious than the formal mode, fts use is fre-
quently expedient. Even in this book, and especially in this Part,
the material mode of speech has often been employed; here are
some examples:

Material mode of speech

54a. Philosophical questions
are sometimes concerned with
objects which do not occur in the
object-domain of the empirical

Formal n ode of speech

S4b. In philosophical ques-
tions expressions sometimes oc-
cur which do not occur in the
languages of the sciences; for
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sciences. For example: the
thing-in-itself, the transcen-
dental, and the like (p. zZ8).

SSa, An object-question is
concerned, for instance, with the
properties of animals; on the
other hand, a logical question is
concerned with the sentences of
zoology (p. zZ8).

56a. It isjust as easy to con-
struct sentences about the forms
oflinguistic expressions as it is to
construct sentences about the
geometrical forms of geometrical
struchrres (pp. z8z.f.).

example, the expressions: 'thing-
in-i tself ' , ' the transcendental ' ,
etc.

556. In an object-question,
predicates of the language of
zoology (designations of kinds of
animals) occur; on the other
hand, in a logical question, de-
signations of sentences of the
zoological language occur,

566. It is just as easy to con-
struct sentences in which, as
predicates, syntactical predicates
occur, and, as arguments, syn-
tactical designations of expres-
sions, as it is to construct sen-
tences in which, as predicates,
predicates of the language of
(pure) geometry occur, and, as
arguments, object-designations
of the language of geometry.

If a sentence of the material mode of speech is given, or, more
generally, a sentence which is not a genuine object-sentence, then
the translation into the formal mode of speech need not always be
undertaken, but it must always be possible. Translatability into the
Jormal mode of speech constitutes the touchstone for all philosophical
sentences, or, more generally, for all sentences which do not belong
to the language of any one of the empirical sciences. In in-
vestigating translatability, the ordinary use of language and the
definitions which may have been given by the author must be taken
into consideration. In order to find a translatiori, we attempt to
use, wherever a universal'word occurs (such as 'number' or 'pro-
perty') the corresponding syntactical expression (such as'numeri-
cal expression' or'property-word', respectively). Sentences
which do not, at least to a certain extent, univocally determine their
translation are thereby shown to be ambiguous and obscure.
Sentences which do not give even a slight indication to determine
their translation are outside the realm of the language of science
and therefore incapable of discussion, no matter what depths or
heights of feeling they may stir. Let us give a few warhing ex-
amples of such sentences as they occur in the writings of our own
circle or in those of closely allied authors. The majority of readers

,;
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will scarcely, I think, succeed in finding a translation of these into
the formal mode of speech that would satisfactorily represent the

author'g meaning. Even if the author himself is perhaps able to

give such a translation-and in some cases even this seems doubtful

-his readers will certainly fall into confusion and uncertainty.

We shall see that the sentences in which the word'inexpressiblet
or something similar occurs are especially dangerous. In the

examples under heading I we fnd a mythology of the ine4ressiblc,

in the examples under ll a mythology of higher things, and in

Sentence l3 both of these.

I. r. There is indeed the inexpressible. z. The qualities which
appear as content of the stream of consciousness can neither be as-
serted, described, expressed, nor cofirmunicated, but can only be
manifested in experience. 3. What can be shown cannot be said.
4. The given experience possesses an utterable structure, but at the
same time it possesses ari unutterable content which is nevertheless
very well known to us, S. Human beings must verify psychological
sentences by their own unutterable experience, which is nevertheless
very well known to them; they must examine whether the sentence
in question, the combination of symbols, is isomorphous (like in
structure) with their unutterable experience. 6. The unutterable
experience blue or bitter..,. 7. The essence of individuality cannot
be represented in words, and is indescribable, and therefore meaning-
less for science. 8. Philosophy will mean the unspeakable by clearly
displaying the speakable. q. The holding [subsistence] of [formal or]
internal properties and relations cannot be asserted by propositions
Isentences],

II. ro. The sense of the world must lie outside the world.
rr. How the world is, is completely indifferent to what is higher.
rz. If good or bad willing changes the world it can only change the
limits of the world, not the facts. 13. Propositions [sentences] can-
not express anything higher.

Let us suggest a few possibilities of translation which, however,
probably do not correspond to the intentions of the authors. In the
case of Sentence r it would be necessary to distinguish between two
interpretations: r A. " There are unutterable objects ", that is to say,
" There are objects for which no object-designations exist" l trans-
lation: "There are object-designations which are not object-desig-
nations." r B. " There are unutterable facts ", that is to say, " There
are facts which are not described by any sentence"l translation:
"There are sentences which are not sentences." Conceming 6:
in other words, "The experience designated by the word 'blue'
cannot be designated by any word " I translatinn: " The experience-
designation'blue' is not an experience-designation." Sentence 9
means: " The fact that a property of a certain kind appertains to an
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object cannot be asserted by means of a sentence"| translntion:
"A sentence in which a property-word of a certain kind occurs is
not a sentence," Sentencle 13 m""ns: "The higher facts cannot be
expressed by means of sentences"; translati.on: "'The higher sen-
tences are not sentences."

Let it be once more called to mind that the distinction between

the formal and the material modes of speech does not ret'er to

genuine object-sentences and therefore not to the sentences of the

empirical siiences, or to sentences of this kind which occur in the

discussions of the logic of science (or of philosophy). (See the

three columns, on p. 286.) lt is here a question of the sentences of

the proper logic of science. According to the ordinary use of

language it is customary to formulate these partly in the form of

logical sentences and partly in the fo(m of object-sentences' Our

investigations have shown that the supposititious object-sentences

of the logic of science are pseudo-object-sentences' or sentences

which apparently sPeak about objects, like the real object-sen-

tences, but which in reality are speaking about the designations of

these objects. This implies that all the sentences of the logic of

science are logical sentences; that is to say, sentences about lan-

guage and linguistic expressions. And our investigations have

further shown that all these sentences can be formulated in such a

way as to refer not to sense and meaning but to the syntactical form

of the sentences and other expressions-they can all be translated

into the formal mode of sPeech' or, in other words' into syntactical

sentences. The togic of science is the syntax of the language of science'

B. THE LOGIC OF SCIENCE AS SYNTAX

$ 82. Tnn FnvsIcAL LANGUAGE

The logical analysis of physics-as a part of the logic of science

-is the syntax of the physical language. All the so-called epi-

stemological problems concerning physics (in so far as it is not a

question of metaphysical pseudo-problems) are in part empirical

questions, the majority of which belong to psychology, and in part

logical questions which belong to syntax. A more exact exposition

oflhe logical analysis of physics as the syntax of the physical ian-
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guage must be left for a special investigation. Here we shall only
offer a few suggestions towards it.

The logical analysis of physics will have, in the first place, to
formulate rules of fonnation f.or sentences and other kinds of ex-
pressions of the physical language (see $ 4o). The most important
expressions which occur as arguments are the point-expressions
(designations of a spatio-temporal point, consisting of four real-
numbqr expressions, namely, three space-co-ordinates and one
time-co-ordinate) and the domain-expressions (designations of a
limited space-time domain). The physical coefficients of states are
represented by descriptive functors. The descriptive functors and
predicates can be divided into thoee having point-expressions and
those having domain-expressions as arguments.

The sentences can be clasaified according to their degree of
generality. Wc will here only diecuso the two extreme kinds of sen-
tences and, for the eake of aimplicity, only thoee in which all the
interior rrgumcnti rre point- or domain-expressions: the conctcte
t.ntonctt contain no unrestricted variables; the lqus contain no
conrtrntr r! intorior ergumcnts.

lllthor L-ru|e. tlonc, or L-rulee and P-rules, can be laid down as
lrawfurmationrulcs of thephysical language. If P-rules are desired,
thcy will gencrally be stated in the form of P'primitive sentences.
In the firat place, certain most general laws will be formulated as
P-primitive sentences;we will callthex,eprimitine las)s. In addi.
tion, descriptive synthetic sentences of another form-even con-
crete ones-may be stated as P-primitive sentences. In the ma-
jority of cases, the primitive laws will have the form of a universal
sentence of implication or of equivalence. The primitive laws and
the other valid laws can be either deterministic or laws of prob-
abilfu; the latter can be formulated, for instance, with the help of
a probability implication. Since the concEt of probability is a very
significant one for physics, particularly in view of the latest de-
velopments, the logical analysis of physics will have thoroughly to
investigate the syntax of the sentences of probability; and it may
be found possible to establish a connection with the concept of
range in the general syntax,

We cannot go more fully into the concept of probability here. See
the lectures and discussions of the Prague Congress (Erhmntnis
t, r93o); further bibliographical references are given in Erkenntnis
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tr, r89f., r93r; there are also investigations, as yet unpublished, by
Reichenbach, Hempel, and Popper.* On the probability implica-
tion, see Reichenbach lWahrscheinlichkeitslogikl.

Syntactical rules will have to be stated concerning the forms
which the protocol-smtences,by means of which the results of ob-
servation are expressed, may take. [On the other hand, it is not the
task of syntax to determine which sentences of the established
protocol form are to be actually laid down as protocol-sentences,
for 'true ' and ' false ' are not syntactical terms ; the statement of the
protocol-sentences is the affair of the physicist who is observing
and making protocols.]

A sentence of physics, whether it is a P-primitive sentence, some
other valid sentence, or an indeterminate assumption (that is, a
premiss whose consequences are in course of investigation), will be
tatedby deducing consequences on the basis of the transformation
rules of the language, until finally sentences of the form of protocol-
sentences are reached. These will then be compared with the
protocol-sentences which have actually been stated and either con-
firmed or refuted by them. If a sentence which is an L-conse-
quence of certain P-primitive sentences contradicts a sentence
which has been stated as a protocol-sentence, then some change
must be made in the system. For instance, the P-rules can be
altered in euch a way that those particular primitive sentences are
no longer valid; or the protocol-sentence can be taken as being
non-valid; or again the L-rules which have been used in the de-
duction can also be changed. There are no established rules for the
kind of change which must be made.

Further, it is not possible to lay down any set rules as to how
new primitive laws are to be established on the basis of actually
stated protocol-sentences, One sometimes speaks in this connection
of the method of so-called induction. Now this designation may be
retained so long as it is clearly seen that it is not a matter of a regular
rnethod but only one of a practical procedure which can be
investigated solely in relation to expedience and fruitfulness. That
there can be no rules of induction is shown by the fact that the
L-content of a law, by reason of its unrestricted universality,
always goes beyond the L-content of every finite class of protocol-

* (Note, 1935,) These works have meantime appeared; see
Bibliography.
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sentences. On the other hand, exact rules for deduction can be

laid down, namely, the L-rules of the physical language. Thus the

laws have the character of, hypothescs in relation to thc protocol'

sentences; sentences of the form of protocol'scntcnces may be

L-consequences ofthe laws, but a law cannot be nn L'consequcncc

of any finite synthetic class of protocol'gentenceg. The laws sre not

inferred from protocol-scntences' but are aelected and laid down

on the grounds of the cxisting Protocol-Ecntences' which are always

being re-examined with thc help of thc cvcr'cmcrging new protocol'

sentences. Not only laws, howevcr, but also concrete sentences

are formulated as hypotheoeu, that is to eay, as P-primitive sen-

tences-such as a sentence sbout an unobserved process by which

certain obscrvcd proccsEcr can lrc explained. There is in the strict

sense no refutation (falaification) of an hypothesis; for even when

it proves to be L-incomPatiblc with certain protocol'sentences,

there alwryo existr the poaeibility of maintaining the hypothesis

ancl rcnouncing acknowlcdgment of the protocol-sentences' Still

lcrn in therc in the strict sense a complete confirmation (verifica-

tion) of nn hypothesis. When an increasing number of L-conse-
(luencco of the hypothesis agree with the already acknowledged

protocol-sentences, then the hypothesis is increasingly confirnred;

there is accordingly only a gradually increasing, but never a final,

confirmation. Further, it is, in general, impossible to test even a

single hypothetical sentence. [n the case of a single sentence of

this kind, there are in general no suitable L-consequences of the

form of protocol-sentences; hence for the deduction of sentences

having the form of protocol-sentences the remaining hypotheses

must also be used. Thus lle test a|plies, at bottom, not to a singlc

hypothesis but to the whole systern of physics as a system of hypotheses

(Duhem, PoincarC).
No rule of the physical language is definitive; all rules are laid

down with the reservation that they may be altered as soon as it

seems expedient to do so. This applies not only to the P-rules but

also to the L-rules, including those of mathematics. In this re'

spect, there are only differences in degree; certain rules are more

difficult to renounce than others. [If, however, we assume that

every new protocol-sentence which apPears within a language is

synthetic, there is this difference between an L-valid, and there-

fore analytic, sentence 61 and a P-valid sentence 6r, namely, that
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such a new protocol-sentence-independently of whether it is
acknowledged as valid or not--can be, at most, incompatible with
69 but never with G1. In spite of this, it may come about that,
under the inducement of new protocol-sentences, we alter the
languagc to such an extent that 61 is no longer analytic.]

If a new P-primitioe sentence 6, is stated, but without sufficient
transformation rules by which, from €1 in conjunction with the
other P-primitive sentences, sentences of the form of protocol-
sentences could be deduced, then in principle 6, cannot be tested,
and is therefore useless from the scientific point of view. If, how-
ever, sentences of the form of protocol-sentences are deducible
from 61 in conjunction with the remainder of the P-primitrve
sentences, but only such as are deducible from the remaining
P-primitive sentences alone, then 6, as a primitive sentence is un-
productive, and scientifically superfluous.

A new descriptioe symbol which is to be introduced need not be
reducible by means of a chain of definitions to symbols which
occur in protocol-sentences. A symbol of this kind may also be
introduced as a primitizte symbol by means of new P-primitive sen-
tences. If these primitive sentences are testable, i.e. if sentences
of the form of protocol-sentences are deducible from them, then
thereby the primitive symbols are reduced to symbols of the
protocol-sentences.

Example: Let protocol-sentences be the observation sentences of
the usual form. The electric field vector of classical physics is not
definable by means of the symbols which occur in such protocol-
sentences; it is introduced as a primitive symbol by the Maxwell
equations which are formulated as P-primitive sentences. There is
no sentence equipollent to such an equation, which contains only
symbols of the protocol-sentences, although, of course, sentences of
protocol form can be deduced from the Maxwell equations in con-
junction with the other primitive sentences of classical physics; in
this way, the Maxwell theory is empirically tested. Counter-example.
The concept of " entelechy ", employed by the neo-vitalists, must be
rejected as a pseudo-concept. It is, however, not a sufficient justifi-
cation for this rejection to point out that no definition of that concept
is given by means of which it could be reduced to the terms of the obser-
vationsentences I forthe same thing is also true of a numberof abstract
physical concepts. The decisive point is rather the fact that no laws
which can be empirically tested are laid down for that concept.

The explanation of a single known physical process, the deduc-
tion of. an unknown process in the past or in the present, from one
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that is known , andthe prediction of afuture event, are all operations
of the same logical character. In all three cases it is, namely, a
matter of deducing the concrete sentence which describes the
pfocess from valid laws and other concrete sentences. To explain
a law (in the material mode of speech: a universal fact) means to
deduce it from more general laws.

The corctruction of the phy$cal system is not effected. in ac-
cordance with fued rulcs, but b1t means of conomtions. These con-
ventions, namely, the rules of formation, the L-rules, and the
P-rules (hypotheses), are, however, not arbitrary. The choice of
them is influenced, in the first place, by certain practical methodo-
logical considerations (for instance, whether they make for sim-
plicity, expedience, and fruitfulness in certain tasks). This is the
case for all conventions, including, for example, definitions. But
in addition the hypotheses can and must be tested by experience,
that is to say, by the protocol-sentences-both those that are
already stated and the new on6s that are constantly being added.
Every hypothesis must be compatible with the total system of
hypotheses to which the already recognized protocol-sentences
also belong. That hypotheses, in opite of their subordination to
cmpirical control by means of the protocol-sentences, nevertheless
contain a conventional element is due to the fact that the system
of hypotheses is never univocally determined by empirical material,
however rich it may be.

Let us make brief mention of two theses held by us, upon which,
however, the above view regarding the physical language does not
depend. The thesis of. physicakvn maintains that the physical lan'

guage is a universal language of science-that is to say, that every
language of any sub-domain of science can be equipollently trans-

lated into the physical language. From this it follows that science
is a unitary system within which there are no fundamentally
diverse object-domains, and consequently no gulf, for example,
between natural and psychological sciences. This is the thesis of
the unity of science. We will not examine these theses in greater

detail here. It is easy to see that both are theses of the syntax of

the language of science.

On the view of the physical language here discussed and on the
theses of physicalism and of the unity of science, see Neurath
lPhy sicalism], lPhy sikalismu s), f S o ziol. Phy s.f , lPr otoholk iitz el,
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lPsy chol,l ; Carnap lPhy s. SprachVf , lPsy chol.), fPr otohollsdtz ef . In
the discussions of the Vienna Circle, Neurath has been conepicuous
for his early-often initiatory-and especially radical adoption of
new theses. For this reason, although many of his formulations are
not unobjectionable, he has had a very stimulatirig and fruitful in-
fluence upon its investigations; for instance, in his demand for a
unified language which should not only include the domains of
science but also the protocol-sentences and the sentences about
sentences; in his emphasis on the fact that all rules of the physical
language depend upon conventional decisions, and that none of its
sentences-not even the protocol-sentences-can ever be definitive;
and, finally, in'his rejection of so-called pre-linguistic elucidations
and of the metaphysics of Wittgenstein. It was Neurath who sug-
gested the designations "Physicalism" and "Unity of ssi66ss".-
One of the most important problems of the logical analysis of physics
is that ofthe form ofthe protocol-sentences and of the operation of
testing (problem of verification); on this point, see also Popper.

On the view here expounded the domain of the scientific sentences
is not so restricted as on the one formerly held by the Vienna Circle.
It wae originally maintained that every sentence, in order to be sig-
nificant,,. must be completely aerifiable (Wittgenstein; Waiemann
fWahrscleinlhhhcitl p. zzgi and Schlick [Kausalitiit] p. r5o); every
sentence therefore must be a molecular sentence formed of concrete
sentences (the so-called elementary sentences) (Wittgenstein [Trac-
tatusfpp. roz, r 18; Carnap [Aufbau]). On thisviewtherewas no place
for the lauts of nature amongst the sentences of the language. Either
these laws had to be deprived of their unrestricted universality and
be interpreted merely as report-sentences, or they were left their
unrestricted universality, and regarded not as proper sentences of
the objectJanguage, but merely as directions for the construction of
sentences (Ramsey fFound.ationsl pp. 237 ff.; Schlick fKausalitat]
pp. r 5 o f., with references to Wittgenstein), and hence as a kind of syn-
tactical rules. In accordance with the principle of tolerance, we will
not say that a construction of the physical language corresponding
to this earlier view is inadmissible; it is equally possible, however, to
construct the language in such a way that the unrestrictedly universal
laws are admitted as proper sentences. The important difference
between laws and concrete sentences is not obliterated in this
second form of language, but remains in force. It is taken into
account in the fact that definitions are framed for both kinds of sen-
tences, and their various syntactical properties are investigated. The
choice between the two forms of language is to be made on the
grounds of expedience. 1f,he second form, in which the laws are
treated as equally privileged proper sentences of the object-language,
is, as it appears, much simpler and better adapted to the ordinary use
of language in the actual sciences than the first form. A detailed
criticism of the view according to which laws are not sentences is
given by Popper.

2I
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The view here presented allows great freedom in the introduc-
tion of new primitive concepts and new primitive sentences in the
language of physics or of sciehce in general; yet at the same time it
retains the possibility of difrerentiating pseudo-concepts and pseudo-
sentences from real scientific concepts and sentences, and thus ol
eliminating the fonner. [This elimination, however, is not so
simple as it appeared to be on the basis of the earlier position of
the Vienna Circle, which was in essentials that of Wittgenstein.
On that view it was a question of, " the language " in an absolute
sense I it was thought possible to reject both concepts and sentences
if they did not fit into the language.] A newly stated P-pfimitive
sentence is sholn to be a pseudo-sentence if either no sufficient
rules of formation are given by means of which it can be seen to be
a sentence or no sufficient rules of transformation by means of
which it can, as previously indicated, be submitted to an empirical
test. 'L'he rules need not be cxplicitly given; they may also be
tacitly laid down, provided only that they are exhibited in the use
of language. A newly stated descriptive term ig shown to be a
pseudo-concept if it is neither reduced to previous terms by means
of a definition, nor introduced by means of P-primitive sentences
that can be tested (see the exanrple and counter-example on

P.3r9).
Like the individual sentences of the logic of science previously

discussed, this presentation of a conception of the logic of science
is intended only as an example. Its truth is not here in question.
The example is only for the purpose of making it clear that the
logical analysis of physics is the syntax of the physical language,
and of further stimulating the formulation, within the domain of
syntax, ofviews, questions, and investigations concerning the logic
of science (in the ordinary mode of expression: epistemology) and
thus making the subject more precise and more fruitful.

$ 8:. Tnn so-ceLLED F'ouNDATroNs oF
THE SCIENCES

Much has been said in recent times about the problems of the
so-called philosophical or logical foundations of the individual
sciences, by which are understood (in our method of deslgnation)
certain problems of the logic of science in relation 1o the domains
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of the sciences. Taking the most important examples, we shall
show briefly that these problerns are questions ofthe syntax ofthe
language of science.

2r.-2
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law of S, equipollent in S, to a law which is valid in Sr? If so, then
there is, in relation to Sr, an equipollent translation of S, (as a
PJanguage) into Sr. This second question constitutes the scientific
core of the problem of. titalivt, which is, however, often entangled
with extra-scientific pseudo-problems.

The problens of the foundati.ons of psychology contain analogues
to those of biology just mentioned. (r) Can the contepts of psycho-
logy be reduced to those of physics in the narrower sense?
(z) Can the laws of psychology be reduced to those of physics in
the narrower sense ? (Physicalism answers the first question in the
aftrmative, but leaves the second open.) The so-called psycho-
plrysical problaru is usually formulated as a queation concerning the
relation of two object-domaine: the domain of the peychical pro-
cegges and the domain of the parallcl phyeical processee in the
ccntrsl ncnous systcm. But thir formulation in thc matcrial mode
of rpcech loedr into s morsm of peeudo-problcms (for instance:
" Arc tho parallel proccsses mcrcly functionally correlated, or are
thoy connectcd by a causal rclation ? Or ie it the same process seen
from two diffcrent eides ? "). With the use of the formal mode of
epeech it becomes clear that we are here concerned only with the
relation between two subJanguages, namely, the psychological and
the physical language; the question is whether two parallel sen-
tences are always, or only in certain cases, equipollent witJr one
another, and, if so, whether they are L- or P-equipollent. This im-
portant problem can only be grappled with at all if it is formulated
correctly, namely, as a syntactical problem-whether in the
manner.indicated or in sorne other. In the controversy regarding
behaviorism there are two different kinds of question to be dis-
tinguished. The empirical questions which are answered by the
behavioristic investigators on the basis of their observations do
not belong here; they are object-questions of a special science. On
the other hand, thg fundamental question of behaviorism, which
is sometimes designated as a methodological or an epistemological
problem, is a problem of the logic of science. It is often formulated
in the material mode of speech as a pseudo-object-question (e.g.

"Do mental processes exist?", "Is psychology concerned only
with physical behaviour?", and so on). If, however, instead of
being formulated in this way it is formulated in the formal mode,
it will be seen that here again the question is one of the reducibility
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of the psychological concepts; the fundamental theeis of be-
haviorism is thus closely allied to that of physicalism.

The problems of the foundations of sociology (in the widest sense,
including the science of history) are for the most part analogous to
those of biology and psychology.

$ 8+. Tnn ?nosLEM oF rHE FouNDArroN
oF MATHEMATICS

What should a hgical foundation of mathematics achietse? On this
question there are various views; the fundamental antithesis be-
tween them ie particularly clearly brought out in two doctrines,
logichm, which wae founded by Frege (1884), atdformalivn, re-
prceented by Frege'e opponents. (The designations 'logicism' and
'formalism' only appeared later.) Frege's opponents maintained
that the logical foundation of mathematics is effected by the con-
struction of a formal system, a calculus, a system of axioms, which
makes possible the proof of the formulae of classical mathematics;
in this the meaning of the symbols is not to be taken into con-
sideration, the symbols are, so to speak, implicitly defned by
the primitive sentehces of the calculus; the question as to what
numbers actually are-which goes beyond the domain of the
calculus-must be rejected. Formalism today represents a view
which is in essentials the same, but which has been improved upon
in several important points, notably by Hilbert. According to this
view, mathematics and logic are constructed together in a common
calculus; the question of freedom from contradiction is made the
centre of the investigations; the formal treatment (the so-called
metamathematics) is carried out more strictly than before. As
opposed to the formalist standpoint, Frege maintained that the
logical foundation of mathematics has the task, not only of setting
up a celculus, but also, and pre-eminently, of giving an account of
the meaning of mathematical symbols and sentences. He tried to
perform this task by reducing the symbols of mathematics to the
symbols of logic by mearis of definitions, and proving the sen-
tences of mathematics by means of the primitive sentences of
logic with the help of the logical rules of inference ([Grundgesetzef).
Later Russell and Whitehead, also representing the standpoint of
logicism, carried out in an improved form the construction of
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mathematics on the basis of kigic (lPinc. Math.l). We will not go
into certain difficulties with which a strucrure of this kind is faced
(see Carnap fLogizisttusl), for we are here not so much concetned
with the question whether mathematics can be derived from logic
or must be constructed simultaneously with it, as with the question
whether the construction is to be of a purely formal nature, or
whether the meaning of the symbols must be determined. The
apparently complete antithesis of the opposing views on this point
can, however, be overcome. The formalist view is right in holding
that the construction of the system can be effected purely formally,
that is to say, without reference to the meaning of the symbols;
that it is sufficient to lay down rules of transformation, from which
the validity of certain sentences and the consequence relations be-
tween certain sentences follow; and that it is not necessary either
to ask or to answer any questions of a material nature which go
beyond the formal structure. But the task which is thus outlined
is cenainly not fulfilled by the construction of a logico-mathe-
matical calculus alone. For this calculus does not contain all the
eentences which contain mathematical symbols and which are
relevant for science, namely those sentences which are concerned
with the application of mathantatics, i.e. synthetic descriptive sen-
tences with mathematical symbols. For instance, the sentence
" In this room there are now two people present" cannot be de-
rived from the sentence "Charles and Peter are in this room now
and no one else " with the help of the logico-mathematical calculue
alone, as it is uSually constructed by the formalists; but it can be
derived with the help of the logicist system, namely on the basis of
Frege's definition of '2'. A logical foundation of mathematice is
only given when a system is built up which enablee derivations of
this kind to be made. The system must contain general rules of
formation concerning the occurrence of the mathematical symbols
in synthetic descriptive sentences also, together with consequence-
n-rles for such sentences. Only in this way is the application of
mathematics, i.e. calculation with numbers of empirical objects
and with measures of 'empirical magnitudes, rendered possible and
systematized, A structure of this kind fulfi,k, shnultaneously, the
demands of both formalism and logichm. For, on the one hand, the
procedure is a purely formal one, and on the other, the meaning
of the mathematical symbols is established and thereby the appli-
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cation of mathematics in actual science is made possible, namely,
by the inclusion of the mathematical calculus in the total language'
The logicist requirement only appears to be in contradiction with
the formalist one; this apparent antithesis arises as a result of the
ordinary formulation in the material mode of speech, namely, " an
interpretation for mathematics must be given in order that it rnay
be applied to reality ". By translation into the formal mode of
speech this relation is reversed: the interpretation of mathematics
is effected by means of the rules of application. The requirement of
logicism is then formulated in this way : the task of the logical foun'
dation of ruathematics is not fulfilled by a metamathematics (that is,

by a syntax of mathenatics) alone, but only by a syntax of the total

Ianguage, which contains both logico-mathematical and synthetic
sentences.

Whether, in the construction of a system of the kind described,
only logical symbols in the narrower sense are to be included

amongst the primitive symbols (as by both Frege and Russell) or

also mathematical symbols (as by Hilbert), and whether only
Iogical primitive sentences in the narrower sense are to be taken as
L-primitive sentences, or also mathematical sentences, is not a
question of philosophical significance, but only one of technical
expedience. In the constructiirn of Languages I and II we have
followed Hilbert and selected the second method. Incidentally,
the question is not even accurately formulated; we have in the
general syntax made a formal distinction between logical and

descriptive symbols, but a precise classification of the iogical

symbols in our sense into logical symbols in the narrower sense

and mathematical symbols has so far not been given by anyone.
The logical analysis of geometry has shown that it is necessary

to distinguish clearly between mathematical and physical geo-

metry. The sentences belonging to the two domains, although they

often have the same wording in the ordinary use of language, have

a very different logical character. Mathematical geomelry is a part

of pure mathematics, whether it is constructed as an axiomatic

system or in the form of analytical geometry. The questions of the

foundation of mathematical geometry thus belong to the syntax of

the geometrical axiom-systems, or to the syntax of the systems of

co-ordinates respectively. Physical geometry, onthe other hand, is

a part of physics; it arises from a system of mathematical geometry
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by means of the construction of the so-called correlative definitions
(see $ z5). In the case ofthe problems ofthe foundation ofphysical
geometry, the question is one of the syntax of the geometrical
system as a subJanguage of the physical language. The principal
theses, for example, of the empiricist view of geometry: " The
theorems of mathematical geometry are analytic ", " The theoiems
of physical g€ometry are synthetic but F-valid ", are obviously
syntactical sentences.

$ 8S. SynrnctrcAL SENTENcEs rN THE LITERATTTRE
oF THE sprCrer, scrrNcos

In all scientific discussions, object-questions and questions of
the logic of science, i.e. syntactical questions, are bound up with
one another. Even in treatiees which have not a so-called epi-
stemological problem or problem of foundation as their subject,
but are concerned with epecialized scientific questions, a con-
siderable, perhaps even a preponderant, number of the sentences
arc eyntactical. They speak, for inetance, about certain definitions,
about the sentences of the domain which have been hitherto
accepted, about the statements or derivations of an opponent,
about the compatibility or incompatibility of different assumptions,
and so on.

It is easy to realize that a tnathmtatical treatise is predominantly
metamathematical, that is to say, that it contains, in addition to
proper mathematical sentences (for instance: " Every even number
is the sum of two prime numbers "), syntactical sentences (of such
forms as: "From...it follows that... '1 "By substitution we
g€t...", "We wil l transform the expressiol...", and the l ike).
The same thing is equally true, however, of treatises of empiical
science. We will illustrate this by an example from physics. In the
following table the first column contains the initial sentences
(abbreviated) of Einstein's Zur Elehtrodynamik bewegter Ktupn
(rgoS). The reformulation in the second column is merely for the
purpose of making clear the character of the sentences. In the
third column, the character of the individual sentences or de-
scriptions is stated, and it is shown that the majority of these are
svntactical.
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Sentmces from the
oigirul

That Maxwell's elec-
tro-dynamics...

lead to asyrnmetries in
their application to
bodies in motion
which do not appear do
appertain to the phe-
nomena
is well known.

For example, if one
thinks of ... reciprocal
causation .. ..
Here the observable
phenomenon is depen-
dent only upon the re-
lative motion of con-
ductor and magnet,
while, according to the
usual view, the case in
which the one body is
in motion must be
strictly separated from
the case in which the
other is in motion.
If, namely, the magnet
moves..,, then an elec-
tric field ... is the re-
sult,
which procuces an elec-
tric current.

But if the magnet does
not move ... then no
field ... results,
but on the other hand
an electro-motive power
results in the conduc-
tof . . . ,

Paraphrase

In the laws which are
consequences of the
Maxwell equations

certain asymmetries are
shown

which do not occur in
the appertaining proto-
col-gentences.

Contemporary physi-
cists know that.. . .

Example: the recipro-
cal causation-sentences

The protocol-sentences
are dependent onlf up-
on such and such sen-
tences of the system,

In the ordinary form of
the system the two
concrete sentences', . , t
and ' . . , '  are not equi-
pollent to each other.

I f  a magnet moves.., ,
then an electric field ..,
results.

I f  an electr ic f ield.. .
arises, a cuffent.. .  re-
sults.

(Analogous.)

(Analogous.)

Kinds of sentcnce

(p,s. = pure-syntactical.
d.s, = descriptive -eyn-
tactical.)

p.s. description of sen-
tences.

p.s. sentence about laws

and about protocol-sen-
tences.

Historical d.s. sentence.

p.s. description of sen-
tences.

p.s, sentence.

p.s. sentence (with de-
scriptions of two sen-
tences).

Object-sentence (phy-
sical law).

As before.

As before.

As before.
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Paraphrase

(Analogous.)

A r. Sentences similar
to the previous ones.

Az. Such and such
protocol-sentences oc-
curring in the history
of physics. By means
of these protocol-sen-
tences such and such an
hypothesis is refuted.

The sentences A sug-
gest the tentative con-
struction of a phyeical
system S for which the
sentencea B ere true
(that ie to say, S is a
system of hypotheses
which is confirmed by
the sentences A).

B r. There is no term
in the appertaining
protocol-sentences (of
the system S) corre-
sponding to the tefm
'absolute rest' in the
sentences of electro-
dynamics.

B z. The .. .  laws (of the
system S) have the
same form in relation
to all co-ordinate sys-
tems,

B z shall be called the
" Principle of Rela-
tivity ".

Bz is stated as a hypo-
thetical P-rule.
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$ 86. Tne l-ocrc oF ScrENcE rs SyNTAx

We have attempted to show by a brief examination of the pro-
blems of the logical analysis of physics and of the so-called pro-
blerrrs of foundation of the different domains-which also belong
to the logic of science-that these are, at bottom, syntactical,
although the ordinary formulation of the problems often disguises
their character. Metaphysical philosophy tries to go beyond the
empirical scientific questions of a domain of science and to ask ques-
tions concerning the nature of the objects of the domain. These
questions we hold to be pseudo-questions. The non-metaphysical
logic of science, also, takes a different point of view from that of
empirical science, not, however, because it assumes any meta-
physical transcendency, but because it makes the language-forms
themselves the objects of a new investigation. On this view, it is
only possible, in any domain of science, to speak either in or about
the sentences of this domain, and thus only object-sentences and
syntactical sentences can be stated.

The fact that we differentiate these two kinds of sentences does
not mean that the two investigations must always be kept separate.
In the actual practice of scientific research, on the contrary, the
two points of view and the two kinds of sentences are linked with
one another, We have seen from the example of a treatise on physics
that investigations in the domains of the special sciences contain
many syntactical sentences. But it is also true, conversely, that
tesearches in the logic of science always contain numerous object-
sentences; these sentences are in part object-sentences of the
domain to which logical analysis is being applied, and in part
sentenceb concerning the psychological, sociological, and historical
circumstances under which work is being done in that field. So
although we can divide the concepts into logical and descriptive
concepts, and the sentences of simpler form into sentences of the
logic of science (that is to say, syntactical sentences) and objcct-
sentences, on the other hand no strict classification of the in-
vestigations themselves and the treatises in which they are set
forth is possible. Treatises in the domain of biology, for instance,
contain in part biological, and in part syntactical, sentences; there
are only differences of degree, according to which of the two sorts

Sentences fron the
original

which, however,
causes... electric cur-
rents.

Examples of a similar
kind,

like the unsuccessful
attempts to prove a
motion of the earth re-
lative to the " light
medium",

lead to the supposition
that

,.. in electro-dynamics
no properties of the ob-
servable phenomena ...
correspond to the con-
cept of absolute rest,

but rather that .. . the
same electro-dynamic
... laws are valid for all
co-ordinatesystems ...

We will take this sup-
position

(whose content will be
called in what follows
the " Principle of Rela-
tivity ")

as an hypothesis.

Kinds oJ smtence

As before.

(Loose) p.s. description
of sentenceg.
Historical d,s. descrip-
tion of sentences.

p,8, sentence

p,8. sentence,

p.s. sentence.

p.s. sentence (about
certain transforma-
tions).

p.s. definition.

p.s, convention (defini-
t ion of 'P-val id in S').
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of question predominates; and on thie basis one rnay, in practice,
distinguish between specially biological treatises and treatises of
the logic of science. He who wishes to investigate the questions
of the logic of science must, therefore, renounce the proud claims
of a philosophy that'sits enthioned above the special sciences,
and must rcalize that he is working in exactly the same field as the
scientific specialist, only with a somewhat different emphasis: his
attention is directed more to the logical, formal, syntactical con-
nections. Our thesis that the logic of science is syntax must there-
fore not be misunderstood to mean that the task of the logic of
science could be carried out independently of empirical science
and without regard to its empirical results. The syntactical in-
vestigation of a system which is already given is indeed a purely
mathematical task. But the language of science is not given to us
in a syntactically eetabliehed form; whoever desiree to investigate
it muet accordingly takc into consideration the language which is
urod in prrctice in the rpecial ecicncee, and only lay down rules
on thc basis of thie. In principle, certainly, a proposed new syn-
trctical formulation of any particular point of the language of
rcience is a convention, i.e. a matter of free choice. But such a
convention can only be useful and productive in practice if it has
regard to the available empirical findings of scientific investigation.

[For instance, in physics the choice between deterministic laws
and laws of probability, or between Euclidean and non-Euclidean
geometry, although not univocally determined by empirical
material, is yet made in consideration of this material.I All work
in the logic of science, all philosophical work, is bound to be un-
productive if it is not done in close co-operation with the special
sciences.

Perhaps we may say that the researches of non-metaphysical
philosophy, and especially those of the logic of science of the last
decades, have all, at bottom, been syntactical researches, although
unconsciously. This essential character of such investigations must
now also be recognized in theory and systematically observed in
practice. Only then will it be possible to replace traditional philo-
sophy by a strict scientific discipline, namely, that of the logic of
science as the syntax ofthe language ofscience. The step from the
morass of subjectivist philosophical problems on to the firm ground
of exact syntactical problems must be taken. Then only shall we
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have as our subject-matter exact terms and theses that can be
clearly apprehended. Then only will there be any possibility of
fruitful co-operative work on the part of the various investigatoro
working on the same problems-work fruitful for the individual
questions of the logic of science, for the scientific domain which ie
being investigated, and for science as a whole. In this book we
have only created a first working-tool in the form of syntactical
terms. The use of this instrument for dealing with the numerous
and urgent contemporary problems of the logic of science, and the
improverhent of it which will follow from its use, demands the co-
operation of many minds.


