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MATHEMATICAL LOGIC AS BASED ON
THE THEORY OF TYPES
'l'ttn following theory of symbolic'logic recommendeditself to
lrrcin the first instanceby its ability to solvecertaincontradictions,
of wh.ichthe one best known to mathematiciansis Burali-Forti'r
conccrningthe greatestordinal.* But the theory in questionseemr
trrt wholly dependenton this indirect recommendation;it hasalso,
il' I am not mistaken,a certain consonancewith common sense
wlrich makesit inherently credible.This, however,is not a merit
trprxrwhich much stressshould be laid; for common senseis far
trurrcfallible than it likes to believe.I shall therefore begin by
rt$tingsomeof the contradictionsto be solved,and shallthen show
lrow the theory of logical types effectstheir solution.
I.

T H E C O N T R AD IC TION S

( r) The oldest contradiction of the kind in question is the
liltinrcnides.Epimenidesthe Cretan said that all Cretanswere liars,
rrrrl all other statementsmadeby Cretanswere certainlylies.Waa
tlris a lie? The simplestform of this contradictionis afforded by
llrc rnanwho.says'I am lying'; if he is lying, he is speakingthc
llrrth, and vice versa.
(z) Let gl be the classof all thoseclasses
which arenot members
ol' tlremselves.
Then, whateverclassr may be, 'x is ri is equivalcrrtt to 'r is not an.r'. Hence,giving to r the value^so,'ar is a u' is
ctgrrivalent
to 'zois not aw'.
(r) Let 7 be the relationwhich subsistsbetweentwo relations
/l :rrrclS wheneverR does not have the relation R to ,S. T'hen,
' Scc below.
| 'l'wo propositions are called equiaalm! when both are true or both nrc
lnlre.
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whatever relations R and .Smay be, 'R has the relation 7 to ,S'is
equivalentto 'R doesnot have the relation R to S'. Hence, giving
the value ? to both R and S, '? hasthe relation T to T' is equivalent to '? doesnot have the relation T to T'.
(a) The number of syllablesin th-eEnglish namesof finite integerstends to increaseasthe integersgrow larger, and must gradually increaseindefinitely, since only a finite number of namescan
be made with a given finite number of syllables.Hence the names
of some integers must consist of at least nineteen syllables,and
among these there must be a least. Hence 'the least integer not
nameablein fewer than nineteensyllables'must denote a definite
integer;in fact, it denotesrrr,777. But 'the leastintegernot nameable in fewer than nineteen syllables' is itself a name consisting
of eighteensyllables;hencethe leastinteger not nameablein fewer
than nineteensyllablescan be named in eighteensyllables,which
is a contradiction.*
(5) Among transfinite ordinalssomecanbe defined,while others
can not; for the total number of possible definitions is yo, while
the number of transfinite ordinals exceedsgo. Hence there must
be indefinable ordinals, and among these there must bq a least.
But this is defined as 'the least indefinable ordinal', which is a
contradiction.t
(6) Richard's paradoxf, is akin to that of the least indefinable
ordiryl. It is as follows: Consider all decimalsthat can be defined
by meansof a finite number of words; let E be the classof such
decimals.Then E has go terms; henceits memberscan be ordered
as the rst, znd, 3rd,. . . Let N be a number definedas follows: If
the zth figure in the zth decimal is p, let the zth figure in N be
p* r (or o, if.p:g). Then N is differentfrom all the membersof
* This contradiction was suggested to me by Mr, G. G, Berry of the
Bodleian Library.
t Cf. Kdnig, 'Uber die Grundlagen der Mengenlehre und das Kontinuurn-problem', Math. Annalen, Vol. LXI (rgo5); A. C. Dixon, 'On
"well-ordered" aggregates', Ptoc. London Math, Soc., Series z, Vol. IV,
Part I (19o6); and E. W. Hobson, 'On the Arithmetic Continuum', ibid.
The solution offered in the last of these papers does not seem to me
adequate.
i Cf, Poincard, 'Les math€matiques et la logique', Reztue de Mdtaphyn4te et de Morale (May, 19o6), especially sections VII and IX; alSo
Peano, Reoista dc Mathematica, Vol. VIII, No. 5 (19o6), p. r49 ff.
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l), since,whatever finite value n may have, the ath figure in N is
rlillerentfrom the ath figure in the zth of the decimalscomposing
/i, and thereforeN is different from the ath decimal. Neveriheless
wc have defined N in a finite number of words, and therefore N
rrrrghtto be a memberof E. Thus N both is and is not a member
ol'8.
(7) Burali-Forti's contradiction*may be stated as follows: It
t'ln be shownthat everywell-orderedserieshasan ordinalnumber,
tlrat the seriesof ordinalsup to and iniluding any given ordinal
cxt:cedsthe given ordinal by one, and (on certain very natural
nssumptions)
that the seriesof all ordinals(in order of magnitude)
is well ordered. It follows that the seriesof all ordinals has an
ordinal number, O say. But in that casethe seriesof all ordinals
irrcludingO hasthe ordinal number Q+ r, which must be greater
tlurn O. Hence O is not the ordinal number of all ordinals.
In all the abovecontradictions(which aremerelyselectionsfrom
ln indefinitenumber) there is a commoncharacteristic,
which we
rrraydescribeas self-referenceor reflexiveness.The remark of
l')pimenides
must includeitself in its own scope.If a// classes,
provitlcd they are not membersof themselves,are membersof ru,this
trrrrstalso apply to w; and similarly for the analogousrelational
t'ontradiction.In the casesof namesand definitions,the paradoxes
rcsrrltfrom consideringnon-nameabilityand indefinabilityas elerrrt:ntsin namesand definitions.In the caseof Burali-Forti's pararhrx,the serieswhoseordinal number causesthe difficulty is the
rcriesof all ordinal numbers. In eachcontradictionsomethingis
H;ridaboutall casesof somekind, and from what is saida new case
nt'cnrsto be generated,which both is and is not of the samekind
us tlre casesof which all were concernedin what was said. Let us
tr1rthroughthe contradictionsone by one and seehow this occurs.
(r) When a man says'I am lying', we may interpret his staterrrt:ntas : 'There is a propositionwhich I am affirming and which
rr [alse'.All statementsthat 'there is' so-and-somay be regarded
irsdcnyingthat the oppositeis alwaystruel thus'I am lying'be('omcs:'It is not true of all propositionsthat either I am not affirmrtrgthem or they are true'; in other words, 'It is not true for all
p that if I affirm ?, ? is true'. The paradox results
1'ropositions
ilLJna questione sui numeri transfiniti',
ntttticodi Palermo, Vol. XI (r8SZ).

Rmdiconti del circola mate-
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from regarding this statement as affirming a proposition, which
must thereforecomewithin the scopeof the statement.This, however,makesit evident that the notion of 'all propositions,is illegitimate; for otherwise,there must be propositions(suchasthe above)
which are about all propositions,and yet can not, without contradiction, be included amongthe propositionsthey are about. Whatever we supposeto be the totality of propositions,statementsabout
this totality generatenew propositions which, on pain of contradiction, must lie outside the totality. It is uselessto enlarge the
totality, for that equally enlargesthe scope of statementsabout
the totality. Hence there must be no totality of propositions, and
'all propositions' must be a meaninglessphrase.
(z) In this case,the classaris definedby referenceto ,all classes',
and then turns out to be one among classes.If we seekhelp by
deciding that no classis a member of itself, then ar becomei the
classof all classes,and we haveto decidethat this is not a member
of itself,i.e., is not a class.This is only possibleif thereis no such
thing asthe classof all classesin the senserequired by the paradox.
That there is no such classresults from the fact that, if we suppose
there is, the supposition immediately gives rise (as in the above
contradiction) to new classeslying outside the .supposedtotal of
all classes.
(3) This caseis exactly analogousto (z), and shols that we can
not legitimately speakof 'all relations'.
(4) 'The least integer not nameablein fewer than nineteensvllables' involvesthe totality of names,for it is ,the leastinteger such
that all nameseither do not apply to it or havemore than nineteen
syllables'. Here we assume,in obtaining the contradiction, that a
phrase-containing 'all names' is itself a name, though it appears
from the contradiction that it can not be one of the na*es which
were supposedto be all the namesthere are. Hence ,all names'.is
an illegitimate notion.
(5) This case,similarly,showsthat'all definitions'is an illegitimate notion.
(6) This is solved,like (5), by remarkingthat ,all definitions,is
an illegitimate notion. Thus the number E is not definedin a finite
number of words, being in fact not defined at all.t
r Cf. 'Les paradoxes de la logique',
by the present author, Reoue dc
MCtaphyique et de Morcle (September, 19o6), p. 645.
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(7) Burali-Forti's contradictionshows that 'all ordinals' is an
illegitimatenotionl for if not, all ordinalsin order of magnitude
form a well-ordered series,which must have an ordinal number
greater than all ordinals.
Thus all our contradictionshave in common the assumptionof
a totality such that, if it were legitimate, it would at once be enlarged by new members defined in terms of itself.
This leadsus to the rule: 'Whateverinvolvesall of a collection
must not be one of the collection';or, conversely:'If, provided a
certain collectionhad a total, it w-ouldhavemembersonly definable
in terms of that total, then the saidcollectionhas no total'.*
The above principle is, however, purely negative in its scope.
It sufficesto show that many theories are wrong, but it does not
show how the errors are to be rectified.We can not say: 'When I
speak of all propositions, I mean all except those in which "all
propositions" are mentioned'; for in this explanation we have
mentioned the propositions in which all propositions are mentioned, which we can not do significantly. It is impossibleto avoid
mentioning a thing by mentioning that we won't mention it. One
might as well, in talking to a man with a long nose,say: 'When I
speakof noses,I exceptsuchasareinordinatelylong', which would
not be a very successfuleffort to avoid a painful topic. Thus it is
necessary,if we are not to sin againstthe abovenegativeprinciple,
to construct our logic withqut mentioning such things as 'all propositions'or 'all propertiesf,and without even having to say that
we are excluding such things. The exclusionmust result naturally
and inevitably from our positive doctrines, which must make it
plain that 'all propositions'and 'all properties' are meaningless
phrases.
The first difficulty that confronts us is as to the fundamental
principles of logic known under the quaint name of 'laws of
thought'. 'All propositionsareeithertrue or false',for example,has
becomemeaningless.If it were significant, it would be a proposition, and would come under its own scope. Nevertheless)some
* When I say that a collection has no total, I mean that statements about
a// its members are nonsense. Furthermore, it will be found that the use
of this principle requires the distinction of all and any considered in
Section II.
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substitute must be found, or all generalaccountsof deduction become impossible.
Anothir more special difficulty is illustrated by the particular
caseof mathematicalinduction. we want to be able to say: 'If z
i. n"i," integer, z has all properties possessedby o and by the
"
of all numbers possessingthem" But here 'all prosuccessors
perties' must be replacedby some other phrase not open to the
lame objections.It t"igtrt be thought that 'all prooertiespossessed
by o and by the ,u""".=.orc of all numbers possessingthem' might
Ui t"gitit"ute even if 'all properties'we-renot' But in fact this is
,rot .J. We shall find that iht"."r of the form 'all properties_which
elc.' involve all propertiesof which the'etc,' can be significantly
either affirmed or dinied, and not only those which in fact have
whatevercharacteristicis in question; for, in the absenceof a catatog"" of propertieshaving this characteristic,a statementabout all
thlse that have the charaiteristic must be hypothetical, and of the
form:'It is alwaystrue that, if a property has the said characteristic, then etc., Thus mathematicalinduction is prima facie incapable'ofbeing significantlyenunciated,if 'all properties'is a phrase
destitute ofle-atting. This difficulty, as we shall seelater, can be
avoided;for the poo"ttt we must considerthe laws of logic, since
these are far more fundamental.
II.

AL L

AND

ANY

' Giu"n a statementcontaininga variablex, say'!c:lc', we may
affirm that this holds in all instances'or we may affirm any o-neof
the instanceswithout deciding as to which instancewe are affirmi"g. fn" distinction is roughlylh"-:1ry."t that betweenthe general
p"rtic,rtar enunciationin-Euclid. The generalenunciationtells
"rr?
us somethingabout (say)all triangles,while the partic,trlarenunciation takes oie tria.rgle, and assertsthe samething of this one tri;;g1". But the trianlle taken is any triangle, not some one special
ttii"gf.; and thus although,throughout.the proof,.only one triangle-i.'de"lt with, yet th; proof retains_itsg_enerality..Ifwe say:
greater
'LZt ABC be a triangle, then the sideslB, AC atetogether
not
triangle'
one
about
something
saying
than the side BC', J"
"t"
absolutely
is
concerned
triangle
oni
iiout ott triangles; but the
o.r, statement consequently is also absolutely
ambiguous,
"rr-d
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nmbiguous,We do not affirm any one definite proposition, but an
rundeterminedone of all the propositionsresulting from supposing
ABC to be this or that triangle. This notion of ambiguousassertion is very important,and it is vital not to confoundan ambiguous
assertionwith the definite assertionthat the samething holds in
a// cases.
The distinction between (r) assertingany value of a propositional function, and (z) assertingthat the function is alwaystrue,
is presentthroughout mathematics,as it is in Euclid's distinction
of generaland particular enunciations.In any chain of matherrraticalreasoning,the objectswhosepropertiesare being investigated are the argumentsto any value of some propositional function. Take as an illustration the following definition:
'We call/(r) continuous for x: a if, for everypositive number o,
different from o, there existsa positive number e, different from o,
such that, for all values of 6 which are numerically lessthan e, the
difference/(a+6)-f(a) is numericallylessthan o.'
I{ere the function / is any function for which the above statemcnt hasa meaning; the statementis aboutf , and variesas;fvaries.
llut the statementis not about o or € or E, becausea// possible
valuesof these are concerned,not one undeterminedvalue. (In
rcgard to <, the statement 'there exists a positive number e such
that etc.' is the denial that the denial of 'etc.' is true of a// positive
numbers.)For this reason,when any valueof a propositionalfunction is asserted,the argument(r.g.,f in the above)is calleda real
variable;whereas,when a function is said to be alwaystrue, or to
lre not alwaystrue, the argument is called an apparentvariable.*
'l'hus in the abovedefinition,/ is a real variable,and o, e, 6 are
apparentvariables.
When we assertany value of a propositional function, we shall
nay simply that we assert the propositionalfunction. Thus if we
cnunciatethe law of identity in the form'&:tc', we are asserting
tlre function 'x:tc'i i.e., we are assertingany value of this function. Similarly we may be said to deny a propositionalfunction
when we deny any instanceof it. We can only truly asserta propositionalfunction if, whatevervalue we choose,that value is true;
. These two terms are due to Peano, who uses them approximately in
f lrc above sense. Cf., e.g., Formulaire MathCmatigue (Tuin, r9o3), Vol.
lV, P. 5.
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similarly we can only truly deny it if, whatever value we choose,
that value is false.Hence in the generalcase,in which somevalues
are true and somefalse/we can neither assertnor deny a propositional function.*
If {r is a propositionalfunction, we will denote by '(r) . fu' the
proposition'/r is alwaystrue'. Similarly'(x, y) .6@,y)' will mean
'6@, y) is alwaystrue', and so on. Then the distinctionbetween
the assertionof all valuesand the assertionof any is the distinction
between(r) asserting(*).6* and (z) asserting{r where r is undetermined. The latter differs from the former in that it can not
be treatedas one determinateproposition.
The distinction betweenassertingSx and asserting(r) . fr was,
I believe,first emphasizedbyFrege.f His reasonfor introducing the
distinction explicitly was the samewhich had causedit to be present in the practice of mathematicians; namely, that deduction
can only be effectedwithrealvariables, not with apparentvariables.
In the caseof Euclid's proofs,this is evident: we need(say)some
one triangle ABC to reasonabout, though it doesnot matter what
triangle it is. The triangle ABC is a real variable; and although
it is any triangle, it remains the sametriangle throughout the argument. But in the generalenunciation, the triangle is an apparent
variable. If we adhereto the apparentvariable,we can not perform
any deductions,and this is why in all proofs, real variables have
to be used.Suppose,to take the simplestcase,that we know '{r is
alwaystrue', i.e.'(*).6*', and we know'/r alwaysimpliesry'r',
i.e. :(r) . $r implies ,y'{'. How shall we infer ',!x is alwaystrue',
i.e. '(r).ry'x'? We know it is alwaystrue that if {x is true, and if
{r implies ry'r, then ry'r is true. But we have no premises to the
effect that {r is true and $x implies ry'r; what we have is: {* is
alwaystrue, and $x alwaysimpliesrltx.In order to makeour inference,we must go from'$x is alwaystrue' to $x, and from '{*
alwaysimplies,!x' to'$x implies,y'.r',wherethe r, while remaining
any possibleargumefit,is to be the samein both. Then, f.rom'$x'
* Mr. MacColl speaks of 'propositioirs' as divided into the three classes
of certain, variable, and impossible. We may accept this division as
applying to propositional functions. A function which can be asserted is
certain, one which can be denied is impossible, and all others are.(in Mr.
MacColl's sense) variable.
t See his Grundgesetzeder Arithtnetih (Jena, 1893), Vol. I, { rZ, p.3r.
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and.'$x implies tltx', we infer ',ltx'; thus ry'ris true for any possible
argument, and therefore is always true. Thus in order to infer
'(*) .{*' from''(r) . $x' and'(*) . {Q* implies,l'x}', we have to pass
from the apparentto the real variable, and then back again to the
apparent variable. This process is required in all mathematical
reasoningwhich proceedsfrom the assertionof all values of one
or more propositional functions to the assertionof all values of
some other propositionalfunction, as, €.g., from 'all isosceles
triangleshaveequalanglesat the base'to'all triangleshaving equal
anglesat the base are isosceles'.In particular, this processis required in proving Barbara and the other moods of the syllogism.
In a word, all deduction opelates tpith real aariablcs (or with
constants).
It might be supposed that we could dispensewith apparent
variablesaltogether,contenting ourselveswith any as a substitute
f.or all. This, however, is not the case. Take, for example, the
definition of a continuous function quoted above: in this definition o, e, and E must be apparent variables. Apparent variables
are constantly required for definitions. Take, e.g., the following:
'An integer is called a prime when it has no integral factors except
r and itself'. This definition unavoidably involves an apparent
variablein the form:'If a is an integerother than r or the given
integer,a is not a factor ofthe given integer, for all possiblevalues
of n'.
The distinction between all and any is, therefore, necessaryto
deductivereasoning,and occursthroughout mathematics;though,
so far as I know, its importance remained unnoticed until Frege
pointed it out.
For our purposesit has a different utility, which is very great.
In the caseof such variables as propositions or properties, 'any
value' is legitimate, though 'all values' is not. Thus we may say:
'p is true or false,wherep is any proposition', though we can not
say 'all propositions are true or false'. The reasonis that, in the
former, we merely affirm an undeterminedone of the propositions
of the form 'p is true or false', whereasin the latter we affirm (if
anything) a new proposition, different from all the propositionsof
the form 'p is true or false'. Thus we may admit 'any value' of a
variablein caseswhere 'all values'would lead to reflexivefallacies;
for the admissionof 'any value' does not in the sameway create
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new values. Hence the fundamental laws of logic can be stated
concerning any proposition, though we can not significantly say
that they hold of all propositions.These laws have,so to speak,a
particular enunciation but no general enunciation. There is no
one propositionwhich r the law of contradiction(say);there are
only the various instancesof the law. Of any propositionp, we can
say: 'p and not-1D
can not both be true'; but there is no such proposition as: 'Every propositionp is such th^tp and not-p can not
both be true'.
A similar explanationappliesto propefties.We can speakof any
property of r, but not of a// properties, becausenew properties
would be thereby generated.Thus we can say: 'If z is a finite
integer, and if o has the property {, and m* r has the property {
provided rz has it, it follows that n has the property {'. Here we
neednot specify{ ; { standsfor 'any property'. But we can not say:
'A finite integer is defined as one which has eoery property {
possessedby o and by the successors
of possessors'.
For here it is
essentialto consider enery property,* not any property; and in
using such a definition we assumethat it embodies a property
distinctive of finite integers,which is just the kind of assumption
from which, as we saw, the reflexive contradictionsspring.
In the aboveinstance,it is necessaryto avoid the suggestionsof
ordinary language,which is not suitablefor expressingthe distinction required. The point may be illustrated further as follows: If
jnduction is to be used for defining finite integers,induction must
state a definite property of finite integers,not an ambiguousproperty. But if { is a real variable, the statement'z has the properry
f provided this property is possessedby o and by the successors
ofpossessors'assignsto fl a property which varies as { varies, and
sucha property can not be usedto definethe classof finite integers.
We wish to say: "'n is a finite integer" means: "Whatever property d may be, z has the properry { provided { is possessed
by o
and by the succe$Sors
of possessors".'But here { has becomean
apparentyariable.To keepit a real variable,we should haveto say:
i,
'Whatever property i
y be, "n is a finite integer"
^
hasthe property {'provided { is possessed
-""rr*
by o and by the
successorsof possessors".'
But herethe meaningof "n is a finite integer',
varies as f varies, and thus such a definition is impossible. This
* This is indistinguishable
from'all properties'.
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caseillustrates an important point, namely the following: 'The
scope*of a real variable can never be lessthan the whole propositional functidn in the assertionof which the said variable occurs'.
That is, if our propositionalfunction is (say) '{x implies p', the
assertionof this function will mean 'any value of "$x implies p"
is true', not "'any value of {r is true" impliesp'. In the latter, we
have really 'al/ values of. $x are true', and the .r is an apparent
variable.
III.

TI{E

ME A N IN G
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P R OP OS ITION S

In this sectionwe haveto considerfirst the meaningof propositionsin which the word a// occurs,and then the kind of collections
which admit of propositionsabout all their members.
It is convenient to give the nzme generalizedpropositionsnot
only to such as contain all, but also to such as contain some(lundefined).The proposition'{r is sometimestrue' is equivalentto the
denial of 'not-{r is alwaystrue'; 'someA is B' is equivalent to the
denial of.'allA is not B'; i.e., of 'no I is B'. Whether it is possible
to find interpretations which distinguish '{r is sometimes true'
from the denial of 'not-{r is alwaystrue', it is unnecessaryto inquire; for our purposeswe may define '$x is sometimestrue' as
the denial of.'not-$x is alwaystrue'. In any case,the two kinds of
propositionsrequire the samekind of interpretation, and are subject to the samelimitations. In eachthere is an apparentvariable;
and it is the presenceof an apparentvariablewhich constitutes
what I mean by a generalizedproposition. (Note that there can
not be a real variable in any proposition; for what contains a real
variableis a propositionalfunction, not a proposition.)
The first question we have to ask in this sectionis: How are we
to interpret the word a// in such propositions as 'all men are
mortal?' At first sight, it might be thought that there could be no
difficulty, that 'all men' is a perfectly clear idea, and that we sayof
all men that they are mortal. But to this view there are many objections.
. The scopeof a real variable is the whole function of which 'any value'
ie in question,Thus in 'fr impliesp' the scopeof r is not $x, but'Sx
implies'p'.
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(r) If this view were right, it would Seemthat 'all men are
mortal' could not be true if there were no men. Yet, as Mr.
Bradleyhasurged,* 'Trespassers
will be prosecuted'may be perfectly true even if no on€ trespasses;and hence, as he furiher
argues,we are driven to interpret such propositions as hypotheticals, meaning 'if anyonetrespasses,
he will be prosecuted';i.e.,
'if * trespasses,
r will be prosecuted',where the range of values
which x may have,whateverit is, is certainly not confinedto those
who really trespass.Similarly 'all men are mortal' will mean ,if r
is a man, * is mortal, where x m y have any value within a certain
range'.What this rangeis, remainsto be determined;but in any
caseit is wider than 'men', for the abovehypotheticalis certainly
often true when r is not a man.
(z) 'All men' is a denoting phrase; and it would appear,for
reasonswhich I have set forth elsewhere,fthat denoting phrases
never haveany meaningin isolation, but only enter as constituents
into the verbal expressionof propositionswhich containno constituent correspondingto the denoting phrasesin question. That is
to say, a denoting phrase is defined by meansof the propositions
in whoseverbal expressionit occurs.Hence it is impossiblethat
these propositions should acquire their meaning through the denoting phrases;we must find an independentinterpretationof
the propositions containing such phrases,and must nbt use these
phrasesin explainingwhat suchpropositionsmean.Hencewe can
hot regard 'all men are mortal' as a statementabout 'all men,.
(3) Even if therewere suchan objectas 'all men', it is plain that
it is not this object to which we attribute mortality whCn we say
'all men are mortal'. If we were attributing mortality to this objeci,
we shouldhaveto say'allmenis mortal'. Thus the suppositionthat
there is such an object as 'all men' will not help us to interpret
'all men are mortal'.
(4) It Jeemsob$iousthat, if we meet somethingwhich may be a
man or may be an angelin disguise,it comeswithin the scopeof
'all men are mortal' to assert'if this is a man, it is mortal,. Thus
again, as in the caseof the trespassers,it seemsplain that we are
* Logic, Part I, Chapter II.
t'On Denoting', Mind (October. r9o5). [The second paper in this
volume. R.C.M.]
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really saying 'if anything is a man, it is mortal', and that the question whether this or that is a man does not fall within the scope of
<rrrrassertion, as it would do if the all really referred to 'all men'.
(S) W" thus arrive at the view that what is meant by 'all men are
mortal' may be more explicitly stated in some such form as 'it is
always true that if x is a man, # is mortal'. Here we have to inquire
as to the scope of the word always.
(6) It is obvious that always includes some casesin which r is
rlot a man, as we saw in the case of the disguised angel. If r were
limited to the casevyhenr is a man, we could infer that r is a mortal,
since if r is a man, r is a mortal. Hence, with the same meaning of
alzoays,we should find 'it is always true that x is mortal'. But it is
plain that, without altering the meaning of always, this new proposition is false, though the other was.true.
(7) One might hope that'always' would mean 'for all values of
r'. But 'all values of x', if legitimate, would include as parts 'all
propositions' and 'all functions', and such iliegitimate totalities.
I-Ience the values of r must be somehow restricted within some
legitimate totality. This seemsto lead us to the traditional doctrine
of a 'universe of discourse' within which tr must be supposed to lie.
(8) Yet it is quite essential that we should have some meaning
of alanys which does not have to be expressed in a restrictive hypothesis as to r. For suppose 'alu'ays' means 'whenever r belongs to
(all
the class i'. Then
men,are mortal' becomes 'whenever r belongs to the class i, if r is a man, r is mortal'; i.e., 'it is always
true that if r belongs to the classz, then, if r is a man, ,c is mortal'.
But what is our new always to mean? There seemsno more reason
for restricting x, in this new proposition, to the class i, than there
was before for restricting it to the class man. Thus we shall be
led on to a new wider universe, and so on ad infinitum, unless
we can discover some natural restriction upon the possible values
of (i.e., some restriction given with) the function 'if r is a man, ,c
is mortal', and not needing to be imposed from without.
(9) It seems obvious that, since all men are mortal, there can
not be any false proposition which is a value of the function ,if r
is a man, r is mortal'. For if this is a proposition at all, the hypothesis 'r is a man' must be a proposition, and so must the conclusion '# is mortal'. But if the hypothesis is false, the hypothetical
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is true; and if the hypothesis is true, the hypothetical is true.
Hence there can be no falsepropositionsof the form 'if r is a man,
r is mortal'.
(ro) It follows that, if any values of,x are to be excluded,they
can only be values for which there is no proposition of the form
'if r is a man,.r is mortal'; i.e.,for which this phraseis meaningless.
Since, as we saw in (Z), there must be excludedvaluesof r, it follows that the function 'if r is a man. r is mortal' must have a certain rangeof significance,*which falls short of all imaginablevalues
of r, though it exceedsthe valueswhich are men. The restriction
on r is therefore a restriction to the range of significanceof the
function 'if * is a man, * is mortal'.
(rl) We thus reach the conclusionthat'all men are mortal'
means'if r is a man, r is mortal, always',where alwaysmeans'for
all values of the function "if r is a man, r is mortal".' This is an
internal limitation upon tr, given by the nature of the function; and
it is a limitation which does not require explicit statement,since
it is impossible for a function to be true more generallythan for
all its values.Moreover, if the rangeof significanceof the function
is i, the function 'if x is an /, then if r is a man, t is mortal' hasthe
samerange of significance,sinceit can not be significant unlessits
constituent 'if * is a man, r is mortal' is significant. But here the
rangeof significanceis againimplicit, asit was in "if r is a man, r
is mortal"; thus we can not make rangesof significanceexplicit,
sincd the attempt to do so only gives rise to a new proposition in
which the samerangeof significanceis implicit.
Thus generally:'(r).{r' is to mean'fr always'.This may be
interpreted, though with lessexactitude,as '{r is alwaystrue', or,
more explicitly: 'All propositionsof the form $x aretrue', or'All
values of the function $x are true'.f Thus the fundamental allis
'all values of a propositional function', and every other a// is derivative from this. And,every propositional function has a certain
I A function is said to be significant for the arg:ument r if it has a value
for this argument. Thus we may say shortly '/r is significant', meaning
'the function { has a value for the argument r'. The range of significance
of a function consists of all the arguments for which the function is true,
together with all the arguments for which it is false.
t A linguistically convenient expression for this idea is: '{r is true for
all possible values of r', a possible value being understood to be one for
which Cr is significant.
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rangeof significance,within which lie the argumentsfor which the
function has values.Within this range of arguments,the function
is true or false; outsidethis range,it is nonsense.
The aboveargumentationmay be summed up as follows:
The difficulty which besetsattempts to restrict the variable is,
that restrictions naturally expressthemselvesas hypothesesthat
the variableis of suchor sucha kind, and that, when so expressed,
the resulting hypothetical is free from the intended restriction.
For example, let us attempt to restrict the variable to men, and
assertthat, subjectto this restriction,'r is mortal' is alwaystrue.
Then what is alwaystrue is that if r is a man, r is mortal; and this
hypotheticalis true evenwhen r is not a man. Thus a variablecan
neverbe restrictedwithin a certain rangeif the propositionalfunction in which the variable occurs remains significant when the
variable is outside that range. But if the function ceasesto be
significantwhen the variable goesoutside a certain range,then the
variable is ipsofacto confined to that range, without the need of
any explicit statementto that effect. This principle is to be borne
in mind in the development of logical types, to which we shall
shortly proceed.
We can now begin to seehow it comesthat 'all so-and-so's'is
sometimesa legitimate phraseand sometimesnot. Supposewe say
'all terms which have the property { have the property t!'. That
means,according to the above interpretation, '$x alwaysimplies
fr'. Provided the range of significanceof $x is the sameas that of
,y'r,this statementis significant; thus, given any definite function
<fr, there are propositions about 'all the terms satisfying /x'. But
it sometimeshappens(as we shall see more fully later on) that
what appearsverbally as one function is really many analogous
functions with different ranges of significance.This applies, for
cxample,to p is true', which, we shall find, is not really one function of p, but is different functions accordingto the kind of prolrosition that p is. In such a case,the phraseexpressingthe ambiguous function may, owing to the ambiguity, be significant
throughout a set of values of the argument exceedingthe range
of significanceof any one function. In such a case,all is not legitirnate.Thus if we try to say 'all true propositionshave the prolrerty f', i.e., "'p is true" alwaysimplies $p', the possibleargurnentsto "2 is true" necessarilyexceedthe possibleargumentsto
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{, and therefore the attempted general statement is impossible.
For this reason, genuine general statementsabout all true propositions can not be made. It may happen,however,that the supposed function f is really ambigr:.ouslike "p is true", and if it
happensto have an ambiguity precisely of the samekind as that
of "p is true", we may be able alwaysto give an interpretation to
the proposition' "p is true" implies {p'. This will occur, e.g., if
$p is'not-p is false'. Thus we get an appearance,in such cases,of
a generalpropositionconcerningc// propositionslbut this appearance is due to a systematicambiguity about such words as true
andfake. (This systematicambiguity results from the hierarchy
of propositions which will be explained later on.) We may, in all
such cases,make our statement about any proposition, since the
meaning of the ambiguouswords will adapt itself to any proposition. But if we turn our proposition into an apparentvariable, and
say something about all, we must supposethe ambiguouswords
fixed to this or that possible meaning, though it may be quite
irrelevant which of their possiblemeaningsthey are to have. This
is how it happensboth that all has limitations which exclude 'all
propositions', and that there neverthelessvern to be true statements about 'all propositions'. Both these points will become
plainer when the theory of types has been explained.
It has often been suggested*that what is required in order that
it may be legitimate to speakof all of a collection is that the collection should be finite. Thus'all men are mortal' will be legitimate becausemen form a finite class. But that is not really the
reasonwhy we can speakof 'all men'. What is essential,as appears
from the abovediscussion,is not finitude, but what may be called
logical homogeneity.This property is to belong to any collection
whose terms are all contained within the range of significanceof
someone function. It would alwaysbe obviousat a glancewhether
a collection possessedtfiis property or not, if it were not for the
concealedambiguity in commonlogicalterms suchastrue andfalse,
which gives an appearanceof being a single function to what is
really a conglomerationof many functions with different ranges
of significance.
The conclusionsof this sectionare asfollows: Every proposition
* E.g., by M. Poincari, Reoue de M4taphysique et de Morale (May,
r9o6).
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containing a// assertsthat some propositional function is always
true; and this meansthat all values of the said function are true,
not that the function is true for all arguments, since there are
argumentsfor which any given function is meaningless,i.e., has
no value. Hence we can speakof all of a collection when and only
when the collectionforms part or the whole of the rangeof significanceof.somepropositionalfunction, the rangeof significancebeing
defined as the collection of those arguments for which the function in questionis significant,i.e., has a value.
IV.

THE HIERARCHY OF TYPES

A type is defined as the range of significanceof a propositional
function, i.e., as the collection of argumentsfor which the said
function has values. Whenever an apparent variable occurs in a
proposition, the range of values of the apparentvariable is a type,
the type being fixed by the function of which 'all values' are concerned. The division of objects into types is necessitatedby the
reflexivefallacieswhich otherwisearise.These fallacies,aswe saw,
are to be avoided by what may be called the 'vicious-circle principle'; i.e.,'no totality can contain membersdefinedin terms of
itself'. This principle, in our technicallanguage,becomes:'Whatever containsan apparentvariable must not be a possiblevalue of
that variable'. Thus whatever contains an apparent variable must
be of a different type from the possiblevaluesof that variable; we
will say that it is of a higher type. Thus the apparent variables
contained in an expressionare what determinesits type. This is
rtheguiding principle in what follows.
Propositions which contain apparent variables are generated
from such as do not contain theseapparentvariablesby processes
of which one is always the process of. generalization,i.e., the
substitution of a variable for one of the terms of a proposition,
and the assertionof the resulting function for all possible values
of the variable. Hence a proposition is called a generalizedproposition when it containsan apparentvariable. A proposition containing no apparent variable we will call an elernentaryproposition.
It is plain that a proposition containing an apparent variable
presupposesothers from which it can be obtained by generalization; hence all generalizedpropositions presupposeelementary

76

L OGIC

AND KNO W LED. G E

propositions. In an elementaryproposition we can distinguish one
or more terms ftom one or more concEfs; the terms are whatever
can be regarded as the subjectof the proposition, while the concepts are the predicatesor relations assertedof theseterms.* The
terms of elementary propositions we will call indiaidualr; these
form the first or lowest type.
It is unnecessary,in practice,to know what objectsbelongto the
lowest type, or evenwhether the lowest type of variable occurring
in a given context is that of individuals or some other. For in
practice only the relatioe types of variables are relevant; thus the
lowest type occurring in a given context may be called that of
individuals, so far as that context is concerned.It follows that the
above account of individuals is not essentialto the truth of what
follows; all that is essentialis the way in which other types are
generatedfrom individuals, howeverthe type of individuals may be
constituted.
By applying the processof generalizationto individuals occurring in elementarypropositions,we obtain new propositions.The
legitimacy of this processrequires only that no individuals should
be propositions. That this is so, is to be securedby the meaning
we give to the word ind:iaidual.We may define an individual as
something destitute of complexity; it is then obviously not a
proposition, since propositions are essentially complex. Hence
in appfying the processof generalizationto individuals \ile run no
risk of incurring reflexive fallacies.
Elementary propositions together with such as contain only
individuals asapparentvariableswe will callfist-order propositions.
Theseform the secondlogicaltype.
We have thus a new totality, that of first-order propositions.We
can thus form new propositions in which first-order propositions
occur as apparent variables. These we will call second-ordupropoitions; theseform the,third logical type. Thus, e.g., if Epimenides asserts'all first-order propositions affirmed by me are false',
he assertsa second-orderproposition; he may assert this truly,
without assertingtruly any first-order proposition, and thus no
contradictionarises.
The above processcan be continued indefinitely. The z+rth
logical type will consist of propositions of order n, which will be
t SeePrinciplesof Mathematics,$ 48.
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such as contaln propositionsof order rn* r, but of no higher order,
as apparent variables.The types so obtained are mutually exclusive, and thus no reflexive fallaciesare possibleso long as we remember that an apparentvariable must alwaysbe confined within
some one tyPe.
In practice, a hierarchy of functionsis more convenientthan one
of propositions.Functions of various orders may be obtained from
propositions of various orders by the method of substitution,lf p
is a proposition,and a a constituentof p, let'pla;x' denotethe
proposition which results from substituting x f.or a wherever a
occurs in p. Then pla, which we will call a matrix, may take the
place of a function; its value for the argument x is platx, and its
value for the argument a is p. Similarly, if.'pl(a, b)r(*, y| denotes
the result of first substituting x f.or a and then substituting y for b,
we may use the double matrix pl(a, D)to representa double function. In this way \trecan avoid apparentvariablesother than individuals and propositions of various orders. The order of a matrix
will be defined as being the order of the proposition in which the
substitution is effected,which proposition we will call the prototype. The order of a matrix does not determine its type: in the
first place becauseit doesnot determinethe number of arguments
for which others are to be substituted (i.e., whether the matrix is
of the f.ormpla or pl(a, b) or plQi, D, c) etc.); in the secondplace
because,if the prototype is of mgre than the first order, the arguments may be either propositions or individuals. But it is plain
that the type of a matrix is definablealwaysby meansof the hierarchy of propositions.
Although it is possibleto replacefunctions by matrices, and although this procedure introduces a certain simplicity into the
explanation of types, it is technically inconvenient. Technically,
it is convenient to replace the prototype pby $a, and to replace
Pla, x by 6*; thus where, if matriceswere being employed,p and
a would appear as apparent variables,we now have { as our apparent variable. In order that $ may be legitimate as an apparent
variable, it is necessarythat its values should be confined to propositions of some one type. Hence we proceed as follows.
A function whose argument is an individual and whose value
is alwaysa first-order proposition will be called a first-order function. A function involving a first-order function or proposition as
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apparentvariablewill be calleda second-orderfunction, and so on.
A function of one variable which is of the order next abovethat of
its argument will be called a predicatioefunction; the samename
will be given to a function of severalvariablesif there is one among
thesevariablesin respectof which the function becomespredicative when valuesare assignedto all the other variables.Then the
type of a function is determined by the type of its valuesand the
number and type of its arguments.
The heirarchy of functions may be further explainedas follows.
A first-order function of an individual x vyill be denotedby $lx
(the letters {, x, 0, f, g, F, G will also be used for functions). No
first-order function contains a function as apparent variable;
hence such functions form a well-defined totality, and the { in
$!x canbe turned into an apparentvariable.Any propositionin
which { appearsas apparent variable, and there is no apparent
variable of higher type than {, is a second-orderproposition. If
such a proposition containsan individual r, it is not a predicative
function of r; but if it containsa first-orderfunction {, it is a predicativefunction of {, and will be written f l(,!12). Then/ is a
predicatiaefunction ; the possiblevaluesof/ againform
second-order
a well-definedtotality, and rvecan turn/into an apparentvariable.
We can thus define third-ordeI predicatiaefunctions, which will
be suchashavethird-order propositionsfor their valuesand secondordpr predicative functions for their arguments.And in this way
we can proceed indefinitely. A precisely similar development
appliesto functions of severalvariables.
We will adopt the following conventions.Variablesof the lowest
type occurring in any context will be denoted by small Latin
letters (excluding f and g, which are reservedfor functions); a
predicative function of an argument r (where # may be of any
type) will be denotedby $l x (where{, X, 0,f , g, F or G may replace{); similarly a predicativefunction of two argumentsx andy
will be denotedby $l(x, y); a generalfunction of r will be denoted
by 4*, and a generalfunction of r and y by 6@, y). h $x, $ can
not be made into an apparent variable, since its type is indeterminate; but in { ! r, where $ is a predicatiaefunction whoseargument is of somegiven typ e,$ canbe madeinto an apparentvariable.
It is important to observethat since there are varioup types of
propositions and functions, and since generalizationcan only be

applied within some one type, all phrasescontainingthe words
'all propositions'or 'all functions' are prim.a facie meaningless,
though in certain casesthey are capable of an unobjectionable
interpretation. The contradictions arise from the use of such
phrasesin caseswhereno innocentmeaningcan be found.
If we now revert to the contradictions,we seeat once that some
of them are solved by the theory of types. Wherever 'all propositions' are mentioned,we must substitute'all propositionsof order
z', whereit is indifferentwhat valuewe give to n,but it is essential
that z should havesornevalue,Thus when a man says'I am lying',
we must interprethirn asmeaning:'There is a propositionof order
z, which I affirm, and which is false'.This is a propositionof order
rr+ r; hencethe man is not affirming any propositionof order z1
hence his statementis false, and yet its falsehooddoesnot imply,
asthat of 'I am lying' appearedto do, that he is making a true statement. This solvesthe liar.
Considernext'the leastintegernot nameablein fewerthan nineteen syllables'.It is to be observed,in the first place,thatnameable
must mean'nameableby meansof such-and-suchassignednarnes',
and that the number of assignednamesmust be finite. For if it is
not finite, there is no reasonwhy there should be any integer not
nameablein fewer than nineteen syllables,and the paradox collapses.We may next supposethat 'nameablein terms of namesof
tfe classN'means 'being the only term satisfyingsomefunction
composedwholly of names of the classN'. The solution of this
paradoxlies, I think, in the simple observationthat 'nameablein
terms of narnesof the classN' is never itself nameablein terms of
namesof that class.If we enlargeN by adding the name 'nameable
in terms of namesof the classN', our fundamental apparatusof
names is enlarged; calling the new apparatusN', 'nameablein
terms of namesof the classN" remains not nameablein terms of
namesof the classN'. If we try to enlargeN till it embracesa//
names, 'nameable' becomes(by what was said above) 'being the
only term satisfying some function composedwholly of names'.
But here there is a function as apparent variable; hence we are
confined to predicative functions of some one type (for non-precative functions can not be apparent variables). Hence we have
only to observethat nameability in terms of such functions is nonpredicative in order to escapethe paradox.

78

79

8o

LOGIC

AND KNO W LEDG E

The caseof 'the leastindefinableordinal' is closelyanalogousto
the casewe havejust discussed.Here, as before, ,definable"'must
be relativeto somegiven apparatusof fundamentalideas; and there
rs reasonto supposethat 'definablein terms of ideasof the classN'
is not definable in terms of ideas of the classN. It rvill be true
that there is some definite segmentof the seriesof ordinals consistingwholly of definableordinals,and having the leastindefinable ordinal as its limit. This least indefinable ordinal will be
definable by_aslight enlargementof our fundamental apparatus;
but there will then be a new ordinal which will be the liast that
is indefinable with the new apparatus.If we enlargeour apparatus
so.asto include all possibleideas,there is no longerany ieasonto
believe that there is any indefinable ordinal. Thi apparent force
of the paradoxlies largely,I think, in the suppositionthat if all the
ordinalsof a certain classare definable,the classmust be definable.
in which caseits successoris of coursealso definable;but there
is no reasonfor acceptingthis supposition.
The other contradictions,that of Burali-F'orti in particular,
require some further developmentsfor their solution.
V. THE AXI O M

O F REDUCI BI LI TY

as we have seen,be of any
{ propositional function of r may,
order_;-hence
any statementabout ,all properties of r' is meaning_
less.dA
of *' is the samething as a .propositionalfunZ-'prgperty
tion which
holds of r'.) But it is absolutely nicessary, if mathematics is to be possible,that we should havesomemethod of making statementswhich will usually be equivalent to what we have
in mind when we (inaccurately)speakof ,"U properties of r'. This
necessityappearsin many cases,but especialy in connexionwith
mathematicalinduction. we can say, by the use of any instead of
all,'Any property possessed
by o, and by the succJssorsof all
numberspossessing
it, fs possessed
by all finite numbers'.But we
can not go on to: 'A finite number is one which possesses
all prop.ertie-s
possessed
by o-andby the successors
of alf numb"r. po.rrrsing them'. If we confinethis statementto all first-order properties
of numbers, we can not infer that it holds of second-orderproperties. For example,we shall be unable to prove that if *, i
^r"
finite numbers,then m+n is a finite number. For, with the above
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<fefinition,'mis a finite number' is a second-orderproperty of n ;
lrencethe fact that ra+ o is a finite number, and that, if m + n is a
finite number, so is m*n*r,
does not allow us to conclude
lry induction that m*n is a finite number. It is obvious that
nuch a state of things renders much of elementary mathematics
impossible.
The other definition of finitude, by the non-similarity of whole
and part, faresno better. For this definition is: 'A classis said to be
finite when every one-one relation whose domain is the classand
whose conversedomain is contained in the class has the whole
classfor its conversedomain'. Here a variable relation appears,
i.e., a variablefunction of two variables;we haveto take all values
of this function, which requires that it should be of someassigned
order; but any assignedorder will not enableus to deduce many
of the proposiiions6f elementarymathematics.
Hence we must find, if possible,somemethod of reducingthe
order of a propositional function without affecting the truth or
falsehood of its values. This seems to be what common sense
effectsby the admissionof clnsses.Given any propositional function {*, of whateverorder, this is assumedto be equivalent,for all
values of r, to a statementof the form '* belongs to the classo'.
Now this statementis of the first order, sinceit makesno allusion
to'all functionsofsuch-and-sucha type'. Indeed its only practical
advantageover the original statement {r is that it is of the first
order. There is no advantagein assumingthat there really are such
things as classes,and the contradiction about the classeswhich
are not members of themselvesshows that, if there are classes,
they must be something radically different from individuals. I
believethe chief purpose which classesserve,and the chief reason
which makesthem linguistically convenier\t,is that they provide a
method of reducing the order of a propositional function. I shall,
therefore, not assumeanything of what may seemto be involved
in the common senseadmissionof classes,except this: that every
propositional function is equivalent, for all its values, to some
predicative function.
This assumptionwith regard to functions is to be made whatever may be the type of their arguments.Let $xbe a function, of
any order, of an argument r, which may itself be either an individual or a function of any order. If { is of the order next above*,
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we write the function in the form $! x; in such a casewe will call
$ a predicativefunction. Thus a predicativefunction of an individual is a first-order functionl and for higher types of arguments,
predicative functions take the place that first-order functions take
in respectof individuals. We assume,then, that every function is
equivalent, for all its values, to some predicative function of the
same argument. This assumptionseemsto be the essenceof the
usual assumption of classes;at any rate, it retains as much of
classesas we have any use for, and little enoughto avoid the contradictions which a less grudging admission of classesis apt to
entail. We will call this assumption the a;riom of classes,
or the
axiom of reducibility.
We shall hssumesimilarly that every function of two variables
is equivalent,for all its values,to a predicativefunction of those
variables,wherea predicativefunction of two variablesis one such
that there is one of the variablesin respectof which the function
becomespredicative (in our previous sense)when a value is
assignedto th; other variable.This assumptionis what seemsto
be meant by sayingthat any statementabout two variablesdefines
a relation betweenthem. We will call this assumptionthe axiom of
relations or the axiom of reducibility.
In dealingwith relationsbetweenmore than two terms, similar
assumptionswould be neededfor three, four, . . . variables.But
theseassumptionsare not indispensablefor our purpose,and are
therefore'notmadein this paper.
By the help of the axiom of reducibility, statementsabout ,all
first-order functionsof x' or 'all predicativefunctions of o' yield
most of the resultswhich otherwisewould require ,all functions'.
The essentialpoint is that such results are obtainedin all cases
where only the truth or falsehoodof valuesof the functionsconcernedare relevant,asis invariablythe casein mathematics.Thus
mathematicalinduction, fo5 example,neednow only be statedfor
all predicativefunctions of numbers; it then follows from the
axiom of classesthat it holds of any fuiction of whatever order.
It might be thought that the paradlxesfor the sakeof which we
invented the hierarchyof types would now reappear.But this is
not the case,because,in suchparadoxes,either somethingbeyond
the truth or falsehoodof valuesof functionsis relevant,or expressionsoccurrvhichareunmeaningevenafterthe introductionof the
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axiom of reducibility. For example, such a statement as 'Epimenides assertsry'r' is not equivalent to 'Epimenides asserts{ ! *', even
though .ltx and $l x are equivalent. Thus 'I am lying' remains unmeaning if we attempt to include all propositions among those
which I may be falsely affirming, and is unaffected by the axiom of
classesif we confine it to propositions of order n. The hierarchy
of propositions and functions, therefore, remains relevant in just
those casesin which there is a paradox to be avoided.

v I' PRIM Ir t""rJ;t"Tt,^".:#:"

oslrl oN s oF

The primitive ideasrequiredin symboliclogic appearto be the
following seven:
( r ) Any propositionalfunction of a variablex or of severalvariablesr, y, z, . .. This will be denotedby $x or 6(*, y, s, . . .)
(z) The negationof a proposition. If p is the proposition,its
negationwill be denotedby - p.
(3) The disjunction or logical sum of two propositions;i.e.,
'this or that'. If p, q are the two propositions,their disjunction
will be denotedby Pv q.*
(a) The truth of any value of a propositionalfunction; i.e., of
{x where rc is not specified.
(5) The iruth of a// valuesof a propositionalfunction. This is
denotedby (r).$x or (x)z$x or whateverlarger number of dots
may be necessaryto bracket off the proposition.f In (r) . $x, x is
called an apparent aariable, whereaswhen {r is asserted,where
r is not specified,r is calledarealoariable.
(6) Any predicativefunction of an argumentof any type; this
will be represented
by $lx or $!a or { !R, accordingto circum* In a previous article in this journal, I took implication as indefinable,
instead of disjunction. The choice between the two is a matter of taste; I
now choose disjunction, becauseit enables us to diminish the number of
primitive propositions. [See 'The Theory of Implication', American
19o6, pp. rSg*2o2-R.C.M.]
Journal of Mathematics, Vol. XXVIII,
t The use of dots follows Peano's usage. It is fully explained by Mr.
Whitehead, 'On Cardinal Numbers', American Journal of Mathematics,
Vol. XXIV, and 'On Mathematical Concepts of the Material World',
Phil. Trans. 4., VoL CCY, p. 472.
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stances.A predicative function of r is one whose values are propositionsof the type next abovethat of x, if r is an individual or a
proposition,or that of valuesof r if r is a function. It may be
describedas one in which the apparentvariables,if any, are all of
the sametype asx or of.lowertype; and a variable is of lower type
than r if it can significantly occur asargumentto .r, or as argument
to an argument to r, etc.
(7) Assertion; i.e., the assertionthat somepropositionis true,
or that any value of some propositional function is true. This is
required to distinguish a proposition actually assertedfrom one
merely considered,or from one adducedas hypothesisto some
other.It will be indicatedby the sign'F' prefixedto what is asserted
with enough dots to bracket off what is asserted.*
Beforeproceedingto the primitive propositions,we needcertain
definitions. In the following definitions, aswell as in the primitive
propositions,the lettersP, g, r are used to denotepropositions.
P)q.:.-pYq

Df.

This definition statesthat'p )q' (which is read 'p implies g')
is to mean 'p is falseor g is true'. I do not meanto affirm that 'implies' can not haveany other meaning,but only that this meaning
is the one which it is most convenientto give to 'implies' in symbolic logic. In a definition,the sign of equalityand the letters'Df'
are to be regardedas one symbol, meaningjointly 'is definedto
mean'. The sign of equality without the letters 'Df' has a different
meaning,to be definedshortly.
p.Q.:.-(-p,

-q) Df.
This definesthe logicalproduct of two propositionsp andq, i.e.,
'p and q are both true'. The above definition statesthat this is to
mean: 'It is falsethat eitherp is falseor g is false'.Here again,the
definition does not give the only meaning which can be given to
'p and g are both true', bilt givesthe meaningwhich is most convenient for our purposes.
p=q.:.p)q.q)p

Df.

* This sign, as well as the introduction of the idea which it expresses,is
due to Frege. See his Begriffsschrift (Halle, 1879), p. t, and Grundgesetze
dn Arithmetih (Jena, 1893), Vol. I, p. 9.
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That is,'P=q', which is read'p is equivalentto g', means'p
impliesq and q impliesp'; whence,of course,it followsthatp and
q are both true or both false.

(g*).4*. : . -{(r) . -6*\

Df.

This defines'there is at leastone value of x for which Sr is true'.
We define it as meaning 'it is falsethat {.r is alwaysfalse'.
x:!.:

z(ilz6lx.)

.$ly

Df.

This is the definition of identity. It statesthat r and y are to be
calledidenticalwhen every predicativefunction satisfiedby r is
satisfiedby y. It follows from the axiom of reducibility that if r
satisfiesry'r,whereI is any function, predicativeor non-predicative,
then y satisfiesry'y.
The following definitions are lessimportant, and are introduced
solely for the purpose of abbreviation.

(*, v) .$(*,!) . : z(*) : (y) - 6@,y) Df,
(s*, y) .6@,y). : : (sr) : (gy) . $(*,y) Df,

4x .),.{xz : z (x) z$x ) rltx Df,
4x. =r.rl'x:: : (r) z$x . : .,!x Df,
4@,y) .),, u .*(x, y) : : : (x, y\ z$(x,y) .> .*(x, y)

Df,

and so on for any number of variables.
The primitive propositionsrequired are as follows. (In z, 3, 4,
5, 6, and ro, P, g, r standfor propositions.)
(r) A propositionimplied by a true premiseis true.
(z) l:pvp.).p.
(g) F:q.).?Yq.
(+)F:pvq.).qvp.
(S) F t.p v (qv r) .) . qv Qpv r).
(6) F: .q)r.) zpv q,) .pvr.

( z )F :( * ) . 6 * . ). 6 y ;
i.e., 'if all valuesof $fi are true, then {y is true, where /y is any
value'.*
(8) If {y is true, where fu,' is any value of $*, then (x).$x is
true. This can not be expressedin our symbols; for if we write
* It is convenient to use the notation dtr to denote the function itself, as
opposed to this or that value of the function.
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'4y .). (r).{r', that means'{y impliesthat all valuesof ff aretrue,
wherey may have any value of the appropriatetype', which is not
in generalthe case.What we mean to assertis: .If, howevery is..
chosen,{y is true, then (r) . {r is true,, whereaswhat is e*preJsed
by. '$1. ) . (") . t'r' is: 'Howevery is chosen, if Sy is true, then
@).4* is true', which is quite a differentstatement,and in general
a false one.
(q) F t (*) .S* .) .6o,where a is any definiteconstant.
This principle is really as many difierent principles as there are
possiblevalues of a. f.e., it statesthat, e.g., whatlver holds of all
individuals holds of Socrates; alsothat it holds of plato ; and so on.
It is the principle that a generalrule may be applied to particular
cases;but in order to give it scope,it is necessaryto mention the
particular cases,since otherwise we need the principle itself to
assureus that the general rule that generalrules may be applied
to particular casesmay be applied (say) to the partiiular caseof
Socrates.It is thus that this principle differs from (7); our present
principle makes a statement about Socrat"r, o,
plato, or
"Lorrt
some other definite constant,whereas(7) made a statement
about
a variable.
The above principle is never used in symbolic logic or in pure
mathematics, since all our propositions ar" gen"ol, and iven
when (as in 'one is a number') we seemto have a strictly particglar case,this turns out not to be so when closely examined.In
fact, the use of the above principle is the distinguishing mark of
applied mathematics. Thus, strictly speaking, we might have
omitted it from our list.
(ro) F z.(x).pv gx .) zp .v .(x) .gx;
i.e.,'if "p or $x" is alwaystrue, then eitherp is true, or
{r is always
truet.
_(:t).When f($x)"'is true whatever argument x may be, and
F(dy) i. true whatever possibleargumenty may be, then (6*)
{f
. F\6x)j is true whatever possibleargument r may be.
This is the axiom of the 'identification of variables'.It is needed
when two separatepropositional functions are each known to be
always true, and we wish to infer that their logical product is
alwaystrue. This inference is only legitimate if the twb functions
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take argumentsof the sametype, for other.wisetheir logical pro_
duct is meaningless.In the aboveaxiom, * andy must-be of the
sametype, becauseboth occur as argumentsto
f.
(rz) If 6* .6*),!x is true for any possibler, then ry'ris true for
any possible.r.
Tl]. axiom-is required in order to assureus that the range of
.
significanceof tltx, in the case supposed,is the same as thit of
both are in fact the sameas that of dr. We
4x,Q*)t!x.).,/.r;
know, in the casesupposed,that r[x is true whenever
$x.$x)$x
and $x .$x) t[x .) .{* are both significant,but we do not know,
without an axiom, thatrlx is true wheneverfr is significant.Hence
the need of the axiom.
Axioms (r r) and (rz) arerequired,e.g.,in proving

@).6* z( x).gx) gxz ) .( * ).{* .
By (Z) and (rr),

F: . (r) .gxz(x).4*> {* z) : gy. 6y) fy,
whenceby (rz),
F: . (r) .gx z(x).gx),lt*:) :,!y,
whencethe resultfollowsby (8) and(ro).

('s) l-:.(s/) :.(r): gx.: .ftx.
This is the axiom of reducibility. It statesthat, given any function.$rt-,there is a predicativefunctionlf !f such thatf lr is always
equivalent to $x. Note that, since a proposition bJginning wiih
'(g/)' is, by definition, the negationof one beginningwiti,ly;',
the aboveaxiom involves the possibility of considering.all pr.Acative functions of x'. lf $x is any function of r, we cin nof make
propositionsbeginningwith '({)' ot ,(gd),, sincewe can not consider 'all functions', but only 'any finction' or ,all predicative
functions'.

( ' + ) F :. ( q/) z.( x,t)z6@,y) .:.ft( x ,y ) .
This is the axiom of reducibility for double functions.
I" ,!: abovepropositions, our x-and,
y may be of any type whatT_he
9ve.r.
9{y way in which the theory of types is relevant is that
(rt) only allows us to identify real variablesoccurring in different
contents when they are shown to be of the same type by both
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occurring as argumentsto the samefunction, and that, in (7) and
(9), y and a must respectivelybe of the appropriatetype for arguments to $i. Thus, for example,supposewe have a proposition'
of the form (+) .f l($12, x), which is a second-order
functionof r.
Then by (7),

r : @). f l ($ l E ,x).) .f l (,1 '!8x),
,
where ,!!i is any first-order function. But it will not do to treat
as if it were a first-order function of *, and take
@).fl($li,x)
this function as a possiblevalue of.tltli in the above.It is such
confusionsof types that give rise to the paradox of the liar.
Again,considerthe classes
which arenot membersofthemselves.
It is plain that, sincewe have identified classeswith functions,*
no classcan be significantlysaid to be or not to be a member of
itself; for the members of a classare argumentsto it, and arguments to a function are always of lower type than the function.
And if we ask: 'But how aboutthe classof all classes
? Is not that a
class,and so a memberof itself?', the answeris twofold. First, if
'the classof all classes'means'the classof all classesof whatever
type', then there is no such notion. Secondly,if 'the classof all
classes'means'the classof all classes
of type l', then this is a class
of the next type above l, and is therefore again not a member of
itself.
Thus althoughthe aboveprimitive propositionsapply equally
topll types,they do not enableus to elicit contradictions.Hence
in the courseof any deductionit is nevernecessary
to considerthe
absolutetype of a variable; it is only necessaryto seethat the different variablesoccurring in one propositionare of the proper relative
types. This excludessuch functions asthat from which our fourth
contradictionwas obtained,namely: 'The relation R holds between R and S'. For a relationbetweenR and S is necessarily
of
higher type than either of them, so that the proposedfunction is
r::
meaningless.
VII.

ELEMENTARY

T HEORY
REL AT I

OF CL ASSES

AN D

ONS

Propositionsin which a function { occursmay depend,for their
truth-value, upon the particular function {, or they may depend
r This identification is subject to a modification to be explained shortly.
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only upon the extensionof {, i.e., upon the arguments which satisfy
,/. A function of the latter sort we will call extmsional. Thus, e.g.,
'l believe that all men are mortal'may not be equivalent to'I
lrclieve that all featherlessbipeds are mortal', even if men are cocxtensive with featherless bipeds; for I may not know that they
irrc coextensive. But 'all men are mortal' must be equivalent to
':rll featherless bipeds are mortal' if men are coextensive with
l'catherlessbipeds. Thus 'all men are mortal' is an extensional
lirnction of the function 'r is a man', while 'I believe all men are
nrortal' is a function which is not extensional; we will call functi<tnsintensional when they are not extensional. The functions of
f'unctions with which mathematics is specially concerned are all
r:xtensional. The mark of an extensional function f of a function
,/ !.d is

! i).
4 I * . :,.{ | * z) 6.6:f ($| E). : .f (,1'

From any function/ of a function $l2 we can derive an associated extensional function as follows. Put

f {e(/r)}. : :(gd):$!x. =,.{xtf {6lt\ Df.
'l'lre functio"f
t (*r)\ is in reality a function of ,y'€,though not the
samefunction asf (!2), supposingthis latter to be significant.But
it is convenientto teatJ{E(!z)} technicallyas though it had an
irrgument;f(la), which we call 'the classdefinedby /'. We have
F:.$x.=,.{tcz>:f {E($z)\.= .f {2({r)},
whence,applying to the fictitious objects2($z) znd,2(,ltz)the definition of identity given above,we find
F z.$x . = *.{&:) .2($z): i(,!z).
'l'his, with its converse(which can also be proved),is the distinctive property of classes.Hence we are justified in treating
I(,/;) as the classdefined by {. In the sameway we put
llfrj,l'(x,/)). : : (sd) :d l@, y) .z t,u.*@, y):f {$l(8, !)\ Df.
A few words are necessaryhere as to the distinction between
,f !@, 9) and / l(i, q.We will adopt the following convention:
When a function (as opposedto its values)is representedin a
firrm involving d and !, or any other two letters of the alphabet,
the value of this function for the argumentsa and b is to be found
lry substitutinga for rt and b for !; i.e., the argumentmentioned
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first is to be substituted for the letter which comes.earlierin the
alphabet,and the argument mentioned secondfor the later letter.
This sufficiently distinguishesbetween $ I (fi, !) and,$ I (!, *) ; e.g.z
The value of.$l(t,/)for
tt

tt

,,

,,

tt

tt

,,

argumentsa, b is $l(a, b).
,,

6l(i, i) ,,
,t

t,

,,
,,
,,

b , a ,r$ !(b , a).
e , b ,r$ !(b , a).
b , a ,r$ l (a , b).

M A T H E M A T T CAL

zgeq")r'xeB Df'
"CP': :
!a.
.(gx).xeo
Df,
f,
V: fr(x:tc) Df,
A:*{(x:x)} Df,

xe $ !i. - .61* Di
l :.xet( ,!z) . : : (gd)tS ly . = r.$y t$!x.
Also by the reducibility-axiom
we have
( s d):dly.=u.b,

where A, as with Peano,is the null-class. The symbols g, L, V,
like cls and e, are ambiguous,and only acquire a definite meaning
when the type concernedis otherwiseindicated.
We treat relations in exactly the sameway, putting

'

whence

l:xet(,!z) , : .$x.
This holds whatever f, may be. Supposenow we want to consider f(la)e+f{i(6 !z)}. We have,by the above,
F z . 2(!z) ,Qf {t@ !")} . : zf {2(!z)}:
= :(ad) z6ly.=u.{yzf{$lz},
whence
F : . E(!z) : 2(xr) .) : 2(ltz)ex. : *. 2(yz)ex,
wtgerer is written for any expressionof the form $f {t($l z)\.
We put
ck : a{s$) . o: 2(4t z)} Df.
Here c/shas a meaningwhich dependsupon the type of the apparent variable{. Thus, e.g., the proposition'cls e cls', which is a
consequenceofthe abovedefinition, requiresthat 'cls' should have
a different meaningin the two placeswhere it occurs.The symbol
'cls' can only be use$ where it is unnecessaryto know the type; it
has an ambiguity which adjusts itself to circumstances.If we
introduce as an indefinablethe fuhction 'Indiv!r', meaning'r is
an individual', we may put
Kl:a{(g$).":2(6

!z.Indiv !z)} Df.

Then K/ is an unambiguous symbol meaning 'classesof individuals'.

gr

We will use small Greek letters (other than e, 4, {, X, d) to represent classesof whatever type; i.e., to stand for symbols of the
form 2(glz) or i(gz).
The theory of classesproceeds,from this point on, much as in
Peano'ssystem; 2($z) replaeesaa(/a). Also I put

We put
whence

L OGr C

a{ 6t@,
n} b.: .6t( a,b\ D f,

(the order being determined by the alphabeticalorder of x andy
and the typographical order of a and D); whence
t : . a{$j$(x, i}b. = :(gd) z{(x, y). E c.a.6t(x, y)z6l(o, b),
whence, by the reducibility-axiom,
I ta{rt$lt(x,y)}b . = ,{(o, b).
We use Latin capital letters as abbreviationsfor such symbols
* 4*@, !), and we find
F:.R : S. : :xRy. :
",y.lcSy,
where
We put

.R:,S.: 2flR. +./!S

D f.

net:n{1g/) . R: ftr6t (*, y)} Df,
and we find that everything proved for classeshas its analoguefor
dual relations. Following Peano,we put
o n P: rtQct' '

Df'
'c'B7
definingthe product, or commonpart, of two classes;
&u F:rt(x...-'v 'reP) Df'
defining the sum of two classes;and
-6:fi{-(xea)}

Df,
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definingthe negationof a class.Similarlyfor relationswe put
Ra S:fi!(xRy.xSy) Df,
ot
*-i=itl.1;;,,f"3,

VIII.

D E S CRIPT IVE

F UNCT IONS

The functions hitherto consideredhavebeenpropositionalfunctions, with the exceptionof a few particular functions such R n S.
But the ordinaryfunctionsof mathematics,suchas12,sin x,log x,
are not propositional. Functions of this kind always mean 'the
term having such-and-sucha relation to r'. For this reasonthey
may be called desuiptioe functions, becausethey describea certain
term by means of its relation to their argument. Thus 'sin rr/a'
describesthe number r; yet propositions in which sin rlz occurs
are not the sameas they would be if r were substituted. This appears,e.g.,from the proposition'sinnlz: r', which conveysvaluable information, whereas'r : r' is trivial. Descriptivefunctions
have no meaning by themselves,but only as constituents of propositions; and this applies generally to phrasesof the form 'the
term having such-and-such a property'. Hence in dealing with
such phrases,we must define any proposition in which they occur,
not the phrases themselves.*We are thus led to the following
definition,in which '(rr) ($x)' is to be read'the term.r which satisfies Sr'.
:,. x:b :tltb Df.
{ {(r*)(dr)}. : : (gD)z$x.
This definition statesthat 'the term which satisfies{ satisfiesf'
is to mean: 'There is a term D such that $x is true when and only
when .r is 6, and ry'Dis true'. Thus all propositions about '/le soand-so' will be false if there are no so-and-so'sor severalso-andso's.
The generaldefinitibn of a descriptivefunction is
R'y:(tx)(xRy)
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If there are severalterms or none having the relation R to y, all
propositionsabout R'y will be false.We put
,.
E !(,r) (6*). : :(gb) zgx. :,.lc:b

Df.

Here'E l(tx) ($x)'may be read'thereis sucha term asthe r which
satisfies$x', or 'the * which satisfies{.r exists'. We have
t :.E! R'Y. : :(gD)t tcRy. :,. x:b.
The inverted comma in R'y may be readof. Thus if R is the relation of father to son, 'R'y' is 'the father of y'.lf R is the relation
of son to father, all pr.opositionsabout R'y will be false unlessy
has one son and no more.
From the aboveit appearsthat descriptivefunctions are obtained
from relations.The relationsnow to be defined are chiefly important on accountof the descriptivefunctions to which they give rise.
Cnv: QP{*Qy. =,,y.!px}
Df.
Herc cno is short for 'converse'.It is the relation of a relation to its
converse;e.g., of.greaterto less,of parentageto sonship,of preced_
ing to following, etc. We have
l-. Cnv.p: (re){*ey . z a,u.yp*}.
For a shorter notation, often more convenient, we put
,F:Cnv?

Df.

We want next a notation for thd class of terms which have the
relationR to y. For this purpose,we put

whence

i:ag6:n@Ry)\ Df,
ra,y:nppr|.

Similarly we put
whence

Df;

that is, 'R'y' is to mean 'the term which has the relation R to y'.
r See the above-mentioned article'On Denoting', where the reasons for
this view are given at length.

We want next the domainof R (i.e., the classof terms which have
the relation R to something),the connerse
domainof R (i.e., the
classof terms to which somethinghas the relation R),'and the
fieW of R, which is the sum of the domain and the converse
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domain. For this purpose we define the relations of the domain,
conversedomain, and field, to R. The definitions are:
D:&i?{o: &((gy).rRy)}

Df,

a : pit{p:t((sr).rRy)} Df,
c :iit{y : n(gy)zxRy.v .yR*)} Df.
Note that the third of these definitions is only significant when R
is what we may call a homogeneous
relation; i.e., one in which, if
rRy holds, x andy are of the sametype. For otherwise,however
we may choosex and y, either *Ry or yRx will be meaningless.
This observation is important in connexion with Burali-Forti's
contradiction.
We have,in virtue of the abovedefinitions,
| .D,R:${(gy) .rRy},
| .q'R:!{(gx) .xRy},
| . C' R : * {(g.y) : xRy . v . yRtc},
the last of these being significant only when R is homogeneous.
'D'R' is read'the domainof R'; 'D?' is read'the conversedomain
of R', and 'CtR' is read 'the field of R'. The letter C is chosenas
the initial of the word 'campus'.
We want next a notation for the relation, to a classo contained
in the domain of R, of the classof terms to which somememberof a
has,the relation R, and also for the relation, to a classB contained
in the conversedomain of R, of the classof terms which have the
relation R to some member of p. For the secondof thesewe put
So that

R ,: ap {a : fi((s.y) . yep . xRy)} Df.

F. R.?: r{(gY)-YrF. *RY}.
Thus if R is the relalion of father to son, and B is the class of
Etonians,R.'B will be the class'fathersof Etonians'; if R is the
relation 'less than', and p is the classof proper fractions of the
form r - z-n for integral valuesof n, R r'p will be the classof fractions lessthan somefraction of the form | - z-n; i.e., R.tB will be
the classof proper fractions. The other relation mentioned above
is (R)..
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We put, as an alternative notation often more convenient,

R"F:R.'F Df'
The relatioeproduct of two relations R, S is the relation which
holds betweenr and z whenever there is a term y such that xRy
andyRz both hold. The relativeproduct is denotedby R I S. Thus
Rl s:f.€{(s y).xRy.yRz)

Df.

We put also
R2:R lR

Df.

The product and sum of a classof classesare often required.
They are defined as follows:
{(go') 'o,ex'xea} Df,
Df.
P'":i{or*.)o.xeo.}
s'r:f

Similarly for relations we put
3X:fj{(sft).Re,\.rRy}
f')r-fri {Re\. )".rRy}

Df,
Df.

We need a notation for the classwhoseonly member is x. Peano
usescr, hencewe shall use r.'r. Peanoshowed(what Frege alsohad
emphasized)that this classcan not be identified with r. With the
usual view of classes,the need for such a distinction remains a
mystery; but with the view set forth above,it becomesobvious.
We put
Df,
e6'*{a:!t(Y:rc)\
whence
F.r,x:!(y:x),
and
F:E !i,a .1 ."rea:(rx)(ry.");
i.e., if o is a classwhich hasonly one member,then i'o is that one
member.*
For the classof classescontained in a given class,we put

cl.a:p(pco) Df.
We can now proceed to the consideration of cardirral and ordinal
numbers, and of how they are affected by the doctrine of types.
I Thus i'a is what Peanocalls ra'
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CARDINAL

NUM BERS

The cardinal number of a class cr is defined as the class of all
classessimilar to o, two classesbeing similar when there is a oneone relation between them. The class of one-one relations is denoted by l-+ l, and defined as follows:
t --t : R{rRy . tc'Ry . xRy' . ) r, u,r,, o, . trc: N' . y : y'}
Similarity is denoted by Sim; its definition is
-t

Df.

Sim:ap{(gR).Rer->r .D'R: o. D'R: F} Df.

Then Sim 'o is, by definition,the cardinalnumber of o; this we
will denoteby Nc'o; hencewe put
-t

Nc:Sim

Df.

whence
F. Ncto:Sim

(cl.

The classof cardinalswe will denoteby NC; thus
NC:Nc"cls

Di

o is defined as the classwhose only member is the null-class,A,
so that
o:r,'A Df.
The definition of r is
r:,i(qc)

ixeo-.=

Df.
".x:cj
It is easy to prove that o and r are cardinals according to the
definition.
It is to be observed,however, that o and r and all the other
cardinals,accordingto the above definitions, are ambiguoussymbols, like c/s, and have as many meaningsas there are types. To
begin with o: the meanipgof o dependsupon that of A, and the
meaning of A is different according to the type of which it is the
null-class.Thus there are as many o's'asthere are types; and the
sameappliesto all the other cardinals.Nevertheless,if two classes
o, p areof different types,we can speakof them ashaving the same
cardinal, or of one as having a greater cardinal than the other,
becausea one-onerelation may hold betweenthe membersof o
and the members of p, even when a and p are of difierent types.

a7
For example,let B be ctto; i.e., the classwhose members are the
classesconsisting of single members of o. Then r,,cr,is of higher
type than o, but similar to a, being correlatedwith cr,by the oneone relation r.
The hierarchy of types has important results in regard to addition. Supposewe have a classof a terms and a class of p terms,
where a and p are cardinals; it may be quite impossible to add
them together to get a classof a and p terms, since, if the classes
are not of the sametype, their logical sum is meaningless.Where
only a finite number of classesare concerned,we can obviate the
practicalconsequences
of this, owing to the fact that we can always
apply operations to a class which raise its type to any requirid
extent without altering its cardinal number. For example, given
any classo, the classr"o has the samecardinal number, but is of
the next type aboveo. Hence, given any finite number of classes
of different types, we can raise all of them to the type which is
what we may call the lowest common multiple of all the types in
question;and it can be shownthat this can be done in such a wav
that the resulting classesshall have no common members.WL
may then form the logical sum of all the classesso obtained, and
its cardinal number will be the arithmetical sum of the cardinal
numbers of the original classes.But where we have an infinite
series of classesof ascending types, this method can not be
applied. For this reason,we can not now prove that there must
be infinite classes.For supposethere were only n individuals altogetherin the universe,where a is finite. There would then be zn
classesof individuals,and 22"classesof classesof individuals,and
so on. Thus the cardinalnumber of terms in each type would be
finite; and though thesenumbers would grow beyond any assigned
finite number, there would be no way of adding them so as tb get
an infinite number. Hencewe needan axiom,so it would seem,to
the elTectthat no finite classof individuals containsall individuals;
but if any one choosesto assume that the total number of
individualsin the universeis (say) to367, there seemsno a priori
way of refuting his opinion.
From the abovernode of reasoning,it is plain that the doctrine
of types avoidsall difficulties asto the greatestcardinal. There is a
greatestcardinal in each type, namely the cardinal number of the
whole of the type; but this is always surpassedby the cardinal
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number of the next type, since,if o is the cardinal number of one
type, that of the next type is 2", which, as Cantor has shown, is
always greater than o. Since there is no way of adding different
types, we can not speakof 'the cardinal number of all objects, of
whatever type', and thus there is no absolutelygreatestcardinal.
If it is admitted that no finite classof individuals contains all
individuals, it follows that there are classesof individuals having
any finite number. Hence all finite cardinals exist as individualcardinals;i.e., as the cardinal numbersof classesof individuals.
It follows that there is a classof Nocardinals,namely,the classof
finite cardinals.Hence Noexistsasthe cardinal of a classof classes
of classesof individuals. By forming all classesof finite cardinals,
we find that zNoexistsasthe cardinal of a classof classesof classes
of classesof individuals; and so we can proceedindefinitely.The
existenceof N, for every finite value of.n can also be proved;
but this requiresthe considerationof ordinals.
If, in addition to assumingthat no finite class contains all inviduals,we assumethe multiplicativeaxiom (i.e., the axiom that,
given a set of mutually exclusiveclasses,none of which are null,
there is at least one class consisting of one member from each
classin the set),then we can prove that there is a classof individuals containing Nomembers,so that Nowill exist as an individual-cardinal. This somewhatreducesthe type to which we have
to go in o-rderto provethe existence-theorem
for anygivencardinal,
but it does not give us any existence-theorernrvhich can not be
got otherwisesooneror later,
Many elementarytheoremsconcerningcardinals require the
multiplicative axiom.* It is to be observedthat this axiom is
equivalent to Zermelo's,f and therefore to the assumption that
* Cf. Part III of a paper by the present author, 'On some Difficulties in
the Theory of Transfinite Numbers and Order Types', Proc. London
Math. Soc. Ser. II, Vol. IV, Sart I.
t Cf. loc. cit. for a statement of Zermelo's axiom, and for the proof that
this axiom implies the multiplicative axiom, The converse implication
results as follows : Putting Prod 'A for the multiplicative class of ft, consider

z'p: h{G$.x,p.D'R: t'9.A'R:
and assume

Df,
"xl

ye Prod 'Z$cI.a . R: ii{ tasl . ^9e
7r.{^9x}.
Then R is a Zerrnelo-correlation. Hence if Prod '2" cl'a is not null, at
Ieast one Zemtelo-correlation for a exists.

gg

L OOIC

every class can be well ordered.* These equivalent assumptions
are, apparently, all incapable of proof, though the multiplicative
axiom, at least, appearshighly self-evident.In the absenceof
proof, it seemsbest not to assumethe multiplicative axiom, but
to stateit as a hypothesison every occasionon which it is used.
X . O R DIN AL

N U M BER S

An ordinal number is a classof ordinally similar well-ordered
series,i.e,, of relationsgeneratingsuch series.Ordinal similarity
or likenessis defined as follows:

stnor:P0{(gS).ser+r.g.',S:C'Q. P:sl I I 3} Df,
where'Smor' is short for 'similar ordinallyf.
The classof serialrelations,which we will call 'Ser', is defined
as follows:
Ser: P {xPy .) a,n. - @ : y) : xPy .yPz . ),, r, o. xPz z
<-

--t

x eC'P.)r.P'xw r'xv P'x:C'Pj

Df.

That is, readingP as 'precedes',a relationis serialif (r) no term
precedesitself, (z) a predecessorof a predecessoris a predecessor,
(3) ifr is any term in the field ofthe relation,then the predecessors
of r together with * together with the successorsof r constitute
the whole field of the relation
Well ordered serial relations, which we will call O, are defined
as follows:
O-p{p.Se r zoCC'P .g!a .)o. g !1o- F"o11 Df;
i.e., P generatesa well ordered seriesif P is serial,and any classo
containedin the field of P and not null has a first term. (Note that
.F to
the terms coming after some term of a).
If "r"
we denote by No'P the ordinal number of a well ordered
relation P, and by NO the classof ordinal numbers, we shall have
: d.b{Peg2. o : il>or'P}
7t7s
NO:No"O.

Df,

I See Zermelo, 'Beweis, dass jede Menge wohlgeordnet werden kann'.
Math. Annalen, Vol. LIX, pp. 514-16.
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From the definition of ly'o we have
l-:PeQ. ).No'P:#*'P,
F: - (P€O).). -E !No'P.
If we now examine our definitions with a view to their connexion with the theory of types, we see,to begin with, that the
definitions of 'Ser' and f) involve thefields of serial relations.Now
the field is only significant when the relation is homogeneous;
hencerelationswhich are not homogeneousdo not generateseries.
For example,the relation c might be thought to generateseriesof
ordinal number <.,,such as
. .,
x, L'cc,
L'r'trt,
. ., Lrt'trcr.
and we might attempt to prove in this way the existenceof <,.'and
No.But x and t'x are of different types, and therefore there is no
such seriesaccording to the definition.
The ordinal number of a seriesof individuals is, by the above
definition of No, a classof relations of individuals. It is therefore
of a different type from any individual, and can not form part of
any seriesin which individuals occur. Again, supposeall the finite
ordinalsexist as individual-ordinals;i.e., as the ordinalsof series
of individuals. Then the finite grdinals themselvesform a series
whoseordinal number is co; thus c,rexistsas an ordinal-ordinal,
i.e., asthe ordinal of a seriesof ordinals.But the type of an ordinal-erdinal is that of classesof relations of classesof relations of
individuals.Thus the existenceof <ohas beenproved in a higher
type than that of the finite ordinals. Again, the cardinal number of
ordinal numbers of well ordered seriesthat can be made out of
finite ordinals is Nr; hence N, exists in the type of classesof
classesof classesof relations of classesof relations of individuals.
Also the ordinal numbers of well ordered seriescomposedof
in order of magnitude, and the
finite ordinals can be_..arranged
Hence
fesult is a well ordered serieswhose ordinal number is <r.rr.
co, orists as an ordinal-ordinal-ordinal. This processcan be repeated any finite number of times, and thus we can establishthe
existence,in appropriatetypes, of N,oand a4 for any finite value
of n.
But the above process of generation no longer leads to any
totality of all ordinals,because,if we take all the ordinals of any
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given type, there are alwaysgreater ordinals in higher types; and
we can not add together a set of ordinals of which the type rises
above any finite limit. Thus all the ordinals in any type can be
arranged by order of magnitude in a well ordered series,which
has an ordinal number of higher type than that of the ordinals
composingthe series.In the new type, this new ordinal is not the
greatest.In fact, there is no greatestordinal in ariy type, but in
every type all ordinals are lessthan some ordinals of higher type.
It is impossibleto completethe seriesof ordinals, since it rises to
types aboveevery assignablefinite limit; thus although every segment of the seriesof ordinals is well ordered, we can not say that
the whole series is well ordered, becausethe 'whole series' is a
fiction. Hence Burali-Forti's contradiction disappears.
From the last two sectionsit appearsthat, if li is allowed that
the number of individuals is not finite, the existenceof all Cantor's
cardinal and ordinal numbers can be proved, short of N. and c,r..
(It is quite possiblethat the existenceof thesemay alsobe demonstrable.) The existenceof all finite cardinalsand ordinals can be
proved without assuming the existenceof anything. For if the
cardinal number of terms in any type is n, that of terms in the next
type is 2". Thus if there are no individuals, there will be one class
(namely, the null-class),two classesof classes(namely, that containing no class and that containing the null-class), four classes
of classesof classes,and generally 2"-t' classesof the zth order.
But we can not add together terms of different types, and thus we
can not in this way prove the existenceof any infinite class.
We can now sum up our whole discussion.After stating some
of the paradoxesof logic, we found that all of them arise from the
fact that an expressionreferring to all of.some collection may itself appear to denote one of the collection; as, for example, 'all
propositionsare either true or false' appearsto be itself a proposition. We decidedthat, where this appearsto occur, we are dealing
with a falsetotality, and that in fact nothing whatevercan significantly be said about all of the supposedcollection. In order to give
effectto this decision,we explaineda doctrine of.typesof variables,
proceeding upon the principle that any expressionwhich refers
to all of.sometype must, if it denotesanything, denotesomething
of a higher type than that to all of which it refers. Where all of
sometype is referred to, there is an apparentaariablebelonging to
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yytaiyinganapparmt
variabre
ir of

ll:jyL:ilLT
ntgher
type than that?p,r:n:n
variable. This is the fundamental principle

of the doctrinegf qrneglA changein the manner
in whichih;;#;,
are constructed,should it prove necessary,would
leave the Joju_
tion of contradictions uniouched so long as
this fundamental
principle is observed.The methodof constructing
typesexplained
abovewas shown to enableus to state
f.,.,'alri;ilt#;;
"tt3n.
tions of mathematics,and at the sameti*e
to avoid all known conit appearedthat in practice the doctrine of-ry;,
l*ltlil;
lnd except
rs
never relevant
where existence_theorems
ur. concerrr.d,
or where applicationsare to be made to someparticular
case.
The theory of types raisesa number of difficult philosophical
questionsconcerningits_interpretation. Such
q""rriJ*
"o'h";:
separablefrom the mathematicaldevelop_."i
lJltljilln,ially
tne theory, and, Iike all philosophicalquestions,
"f
introiuce ele_
ments of uncertainty which do nlt berongto
the theory ii.erf. it
seemedbetter, therefore, to state the theo"ry
rvithout rierence to
philosorhical questions,Ieavingtheseto rL
arat *itr, ira"p."qenuv.

On the Relationsof Universalsand Particulars
In this essaywefind Russellmooing tousard.the logical atomisrnof
ryr8 but with his ideas still in a state of transition. Read as the
Presidential Address to the Aristotelian Society (of London) in the
auturnnof rgtr, it waspublishedfor the metnbersat the time and
later appearedin the PnocrrolNcs for tglr-tz. As the appended
noteof ry55 indicates,Russellno longeracce/tsthe argummtfor the
existenceof particulars gioen here, although he rejectsit on the basis
of parsimonyrather than the fact that it can be proaed wrong. (It
cannotbeproaed either way.\ The questionof uniaersalsand particulars is a fundarnmtal one in philosophy,and Russell'streatment
is cogentand clear, so that in spite of his later aieu.tson the oalidity
of this argumentfor particulars, I recommendthis paper to students
of contemporaryphilosophy.
Shortly after reading this paper Russell beganhis first period of
associationwitk Luda;ig Wittgenstein, whosevieanswere to ercerta
degreeof influence on Russell'sthiiking for about seaenyears (i.e.
until Russellbecamea neutral moryistin late tgrS or early ryry).
The comparisonof this paper with thoseof r9r4, r9r8, and rgtg
folloaing will thus proaide someindex to Wittgenstein's effect on
Russell'swork.

